Chapter 1

Quasi-Monte Carlo Samplingby
Art B. Owen

In Monte Carlo (MC) sampling the sample averages of random quantities are used
to estimate the corresponding expectations. The justification is through the law of
large numbers. In quasi-Monte Carlo (QMC) sampling we are able to get a law
of large numbers with deterministic inputs instead of random ones. Naturally we
seek deterministic inputs that make the answer converge as quickly as possible. In
particular it is common for QMC to produce much more accurate answers than MC
does. Keller [19] was an early proponent of QMC methods for computer graphics.

We begin by reviewing Monte Carlo sampling and showing how many prob-
lems can be reduced to integrals over the unit cjihbeé)?. Next we consider
how stratification methods, such as jittered sampling, can improve the accuracy
of Monte Carlo for favorable functions while doing no harm for unfavorable ones.
Method of multiple-stratification such as Latin hypercube samplirgopks) rep-
resent a significant improvement on stratified sampling. These stratification meth-
ods balance the sampling points with respect to a large number of hyperrectangular
boxes. QMC may be thought of as an attempt to take this to the logical limit: how
close can we get to balancing the sample points with respect to every [fox JA
at once? The answer, provided by the theory of discrepancy is surprisingly far, and
that the result produce a significant improvement compared to MC. This chapter
concludes with a presentation of digital nets, integration lattices and randomized
QMC.



1.1 Crude Monte Carlo

As a frame of reference for QMC, we recap the basics of MC. Suppose that the
average we want to compute is written as an integral

I:/Df(x)q(a:)dx. (1.1)

The setD C RY is the domain of interest, perhaps a region on the unit sphere
or in the unit cube. The functiopis a probability density function of. That is
q(z) > 0and [, q(z)dz = 1. The functionf gives the quantity whose expectation
we seek:/ is the expected value ¢f(x) for randomz with densityq onD.

In crude Monte Carlo sampling we generatmmdependent samples, ..., z,
from the density; and estimatd by

A 1 <
I=1I,=-— i) 1.2
- ; D) (1.2)
The strong law of large numbers tells us that
Pr( lim I, =1) = 1. (1.3)

That is, crude Monte Carlo always converges to the right answeriasreases
without bound.

Now suppose thaf has finite variance? = Var(f(z)) = [,(f(z)—1)*q(z)dz.
ThenE((I, — I)?) = ¢2/n so the root mean square error (RMSE) of MC sam-
pling isO(1/4/n). This rate is slow compared to that of classical quadrature rules
(Davis and Rabinowitz [7]) for smooth functions in low dimensions. Monte Carlo
methods can improve on classical ones for problems in high dimensions or on dis-
continuous functions.

A given integration problem can be written in the form (1.1) in many different
ways. First, letp be a probability density o® such thatp(z) > 0 whenever
q(z)|f(z)| > 0. Then

1= [ s = [ L0800,

p p(z)
and we could as well samplg ~ p(z) and estimatd by

P L fm)g(a)
Iy=1Inp=— z_; ) (1.4)



The RMSE can be strongly affected, for better or worse, by this re-expression,
known as importance sampling. If we are able to find a gpdtat is nearly
proportional tof g then we can get much better estimates.

Making a good choice of densityis problem specific. Suppose for instance,
that one of the components efdescribes the angle= 6(x) between a ray and a
surface normal. The original version fimay include a factor afos(6)" for some
n > 0. Using a density(x) x ¢(x)cos(#)" corresponds to moving the cosine
power out of the integrand and into the sampling density.

We will suppose that a choice pfhas already been made. There is also the
possibility of using a mixture of sampling densitigsas with the balance heuristic
of Veach and Guibas [42, 43]. This case can be incorporated by increasing the di-
mension ofr by one, and using that variable to selgfitom a discrete distribution.

Monte Carlo sampling oft ~ p over D almost always uses points from a
pseudo-random number generator simulating the uniform distribution on the inter-
val from0 to 1. We will take this to mean the uniform distribution on the half-open
interval [0,1). Suppose that it take$* uniform random variables to simulate a
point in the dimensional domaif. Oftend* = d but sometimesl* = 2 vari-
ables from[0, 1) can be used to generate a point within a surface elemehtirs
dimensional space. In other problems we might dise> d random variables to
generate a distributed point ifD C R%. Chapter?? describes general techniques
for transforming[0, 1)¢ into D and provides some specific examples of use in ray
tracing. Devroye [8] is a comprehensive reference on techniques for transforming
uniform random variables into one’s desired random objects.

Suppose that a point having tig0,1)%" distribution is transformed into a
point7(x) having the density onD. Then

(i@ [ S, .
1= o P /[0,1)d* @) - —/[o,nd*f (e)d
(1.5)

where f* incorporates the transformatienand the density. ThenI is estimated
by

I=

S|

3 f(T(%))W(xﬂ) _1 S () (1.6)
2 prl)

) i=1

wherez; are independerit’ [0, 1)¢" random variables.



Equation (1.5) expresses the original MC problem (1.1) as one of integrating
a function f* over the unit cube i* dimensions. We may therefore reformulate
the problem as finding = f[O,l)d f(x)dx. The newd is the oldd* and the newf
is the oldf*.

1.2 Stratification

Stratified sampling is a technique for reducing the variance of a Monte Carlo inte-
gral. It was originally applied in survey sampling (see Cochran [4]) and has been
adapted in Monte Carlo methods, Fishman [12]. In stratified sampling, the domain
of  is written as a union of strat® = |Ji'_, D, whereD; Dy = 0 if j # k.

An integral is estimated from within each stratum and then combined. Following
the presentation in chapter 1.1, we suppose herelthat|0, 1).

Figure 1.1 shows a random sample from the unit square along\witernative
stratified samplings. The unit culig 1)? is very easily partitioned into box shaped
strata like those shown. It is also easy to sample uniformly in such strata. Suppose
thata, ¢ € [0,1)% with a < ¢ componentwise. Lel/ ~ U[0,1)¢. Thena + (¢ —

a)U interpreted componentwise is uniformly distributed on the box with lower left
cornera and upper right corner.

In the simplest form of stratified sampling, a Monte Carlo sample. . . 1,
is taken from within stratun®,,. Each stratum is sampled independently, and the
results are combined as

Nhp

N A D
ISTRAT = ISTRAT( Z | h| Zf hz (1-7)

h=1

where|Dj,| is the volume of straturip.
Foranyz € [0,1)?leth(z) denote the stratum containing That isz € Di(a)-
The mean and variance ¢fwithin stratumh are

uh:mh—l/ f(z)dz, and, (1.8)

Dn

ot =1ul " [ (1)~ )P (L.9)
Dy

respectively. We can writE(fSTRAT) as:

D] u H
Z ZE () = > 1Dulin =Y [ Flaydo =
=1 h=1 h=1"Dhn

h=1



Figure 1.1: The upper left figure is a simple random samplesgfoints in[0, 1).
The other figures show stratified samples witboints from each of strata.

so that stratified sampling is unbiased.

The variance of stratified sampling depends on the allocation of sample;size
to strata. We will suppose thay, is allocated proportionally, so thag, = n|D},|
for the total sample size. First we note that whem ~ UJ0,1)%, thenh(z) is
a random variable taking the valdevith probability |D,|. Then from a standard



variance formula
o? =Var(f(z)) = E(Var(f(2) | h(x))) + Var(E(f(z) | h(z)))  (1.10)
H H
=Y [Duloj + Y [Dal(un — 1%, (1.11)

h=1 h=1

so thato? is a sum of contributions from within and between strata. Now

Var(l. Dul® 2 _ 1 3 D o 1.12
ar( STRAT ; T Oy = ﬁ g h|0h ; ( . )
from (1.10).

Equation (1.12) shows that stratified sampling with proportional allocation
does not increase the variance. Proportional allocation is not usually optimal. Op-
timal allocations takei;, « |Dy|oy. If estimates of, are available they can be
used to sety,, but poor estimates af; could result in stratified sampling with
larger variance than crude MC. We will assume proportional allocation.

A particular form of stratified sampling is well suited to the unit cube. Haber [13]
proposes to partition the unit cul@ 1)¢ into H = m? congruent cubical regions
and to taker;, = 1 point from each of them. This stratification is known as jittered
sampling in graphics, following Cook, Porter and Carpenter [5].

Any function that is constant within strata is integrated without errofday.

If fis close to such a function, thefis integrated with a small error. Lgtbe the
function defined byf(z) = 1i(,), and define the residugikes(z) = f(z) — f(2).
This decomposition is illustrated in Figure 1.2 for a functionjont). Stratified
sampling reduces the Monte Carlo variance frohif) /n to o2( fres) /1.

1.3 Multiple Stratification

Suppose we can afford to samglé points in[0,1)2. Sampling one point from
each of16 vertical strata would be a good strategy if the functipepended
primarily on the horizontal coordinate. Conversely if the vertical coordinate is the
more important one, then it would be better to take one point from eadl6 of
horizontal strata.

It is possible to stratify both ways with the same sample, in what is known as
Latin hypercube sampling (McKay, Beckman and W. J. Conover [24f)}-ayoks
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Figure 1.2: The upper plot shows a piece-wise smooth fungtion [0,1). The
step function is the best approximatigrto f, in mean square error, among func-
tions constant over intervalg/10, (j + 1)/10). The lower plot shows the differ-
encef — f using a vertical scale similar to the upper plot.

sampling (Shirley [33]). Figure 1.3 shows a setl 6fpoints in the square, that are
simultaneously stratified in each b§ horizontal and vertical strata.

If the function f on [0, 1)? is dominated by either the horizontal coordinate
or the vertical one, then we’ll get an accurate answer, and we don’t even need to
know which is the dominant variable. Better yet, suppose that neither variable is



Figure 1.3: The left plot shows6 points, one in each of6 vertical strata. The
right plot shows the sami& points. There is one in each 6 horizontal strata.
These points form what is called a Latin hypercube sample, ar@oks pattern.

dominant but that

f(x) = fu(x) + fr(z) + fres(z) (1.13)

wherefy depends only on the horizontal variabfg, depends only on the vertical
one, and the residugkes is defined by subtraction. Latin hypercube sampling will
give an error that is largely unaffected by the additive gart+ fv. Stein [37]
showed that the variance in Latin hypercube sampling is approximatelyn
wheres2_.is the smallest variance gfes for any decomposition of the form (1.13).
His result is for general, not justd = 2.

Stratification with proportional allocation is never worse than crude MC. The
same is almost true for Latin hypercube sampling. Owen [28] shows that for all
n > 2,d > 1 and square integrablg that

0.2

Var(l ) < —

For the worstf, Latin hypercube sampling is like using crude MC with one obser-
vation less.

The construction of a Latin hypercube sample requires uniform random permu-
tations. A uniform random permutation 6fthroughn — 1 is one for which alln!



possible orderings have the same probability. Devroye [8] gives algorithms for such
random permutations. One choice is to have an afray i fori =0,...,n — 1
and then forj = n — 1 down to1 swapA; with A;, wherek is uniformly and
randomly chosen frori throughj.

Forj = 1,...,d, let 7; be independent uniform random permutations of
0,...,n— 1. LetU;; ~ U[0,1)4 independently foi = 1,...,nandj =1,...,d
and letX be a matrix with

7Tj(i — 1) +Uij

X, =
J n

Then then rows of X form a Latin hypercube sample. That is we may take-
(Xi1, ..., Xia). An integral estimatd is the same whatever order thiéz;) are
summed. As a consequence we only need to perthdteof thed input variables.
We can taker; (i — 1) = i — 1 to save the cost of one random permutation.

Jittered sampling uses = k? strata arranged in & by k grid of squares
while n-rooks provides simultaneous stratification in bothraby 1 grid and al
by n grid. It is natural to wonder which method is better. The answer depends on
whetherf is better approximated by a step function, constant within squares of size
1/k x 1/k grid, or by an additive function with each term constant within narrower
bins of width1/n. Amazingly, we don’t have to choose. It is possible to arrange
n = k? points in ann-rooks arrangement that simultaneously has one point in
each square of A by k grid. A construction for this was proposed independently
by Chiu, Shirley and Wang [2] and by Tang [38]. The former handle more general
grids ofn = k; x ko points. The latter reference arranges pointfin )¢ with
d > 2 in a Latin hypercube such that every two dimensional projectiar; @uts
one point into each of a grid of strata.

1.4 Uniformity and Discrepancy

The previous sections look at stratifications in which every cell in a rectangular
grid or indeed in multiple rectangular grids gets the proper number of points. It
is clear that a finite number of points @, 1)¢ cannot be simultaneously stratified
with respect taeveryhyper-rectangular subset [6f 1)¢, yet it is interesting to ask
how far we might be able to go in that direction. This is a problem that has been
studied since Weyl [44] originated his theory of uniform distribution. Kuipers and
Niederreiter [21] summarize that theory.



Leta andc be points in0, 1)¢ for whicha < ¢ holds componentwise, and then
let [a, ¢) denote the box of points wherea < x < ¢ holds componentwise. We
usel[a, c)| to denote thel-dimensional volume of this box.

An infinite sequence of pointsy,z,--- € [0,1)¢ is uniformly distributed
if lim,—oo(1/n) >°7 | la<a;<c = |[a,c)| holds for all boxes. This means that
I, — I for every functionf(z) of the form1,<,-. and so for any finite linear
combination of such indicators of boxes. It is known that, ... [I, — I| = 0
for uniformly distributedx; and any functionf that is Riemann integrable. Thus
uniformly distributed sequences can be used to provide a deterministic law of large
numbers.

To show that a sequence is uniformly distributed it is enough to show that
I, — I when f is the indicator of a suitable subset of boxes. Anchored boxes
take the form[0, a) for some pointz € [0,1)%. If I, — I for all indicators of
anchored boxes, then the same holds for all boxes. For integesa b-adic box
is a Cartesian product of the form

d
11 )

for integersk; > 0 and0 < ¢; < b¥i. Whenb = 2 the box is called dyadic. An
arbitrary box can be approximated byary boxes. Iff — I for all indicators ofb-
adic boxes then the sequeriag) is uniformly distributed. A mathematically more
interesting result is the Weyl condition. The sequefagg is uniformly distributed
if and only if 7, — I for all trigonometric polynomialg () = 2™V =1k \yhere
ke 74,

If 2; are independerif [0, 1)¢ variables, theriz;) is uniformly distributed with
probability one. Of course we hope to do better than random points. To that end,
we need a numerical measure of how uniformly distributed a sequence of points is.
These measures are called discrepancies, and there are a great many of them. One
of the simplest is the star discrepancy

D; =D (xy,...,x,) = sup
acf0,1)d' 1

Z lo<si<a — )\\ (1.15)

Figure 1.4 illustrates this discrepancy. It shows an anchoreébhax € [0,1)? and
alistofn = 20 points. The anchored box hasf the20 points sa(1/n) Y"1 | lo<z;<a =
0.20. The volume of the anchored box(=1, so the difference if).2 — 0.21] =



Figure 1.4: Shown ar0 points in the unit square and an anchored box (shaded)
from (0,0) toa = (.3,.7). The anchored bof0, a) has volume).21 and contains
a fraction5/20 = 0.2 of the points.

0.01. The star discrepancy;; is found by maximizing this difference over all
anchored boxef), a).
Forz; ~ U[0,1)¢, Chung [3] showed that

lim sup _vanD, =1 (1.16)

n—oo +/log(log(n))



so D = O((loglog(n)/n)*/?) with probability one. An iterated logarithm grows
slowly with , so D* may be only slightly larger than—'/ for largen.

It is known that a deterministic choice ¢f;) can yield D} much smaller
than (1.16). There are infinite sequenées) in [0,1)¢ with D} (x1,...,2,) =
O(log(n)?/n). Such sequences are called “low discrepancy” sequences, and some
of them are described in chapter 1.5. It is suspected but not proven that infinite
sequences cannot be constructed idth= o(log(n)?/n); see Beck and Chen [1].

In an infinite sequence, the first points ofzq, ..., x, are the same for any
n > m. If we knew in advance the value afthat we wanted then we might use
a sequence customized for that valuepbuch asc,,1, . . ., ., € [0,1)?, without

insisting thatr,; = x,,11,. In this settingD; (z,1, . .., Tn,) = O(log(n)4~!/n)
is possible. The effect is like reducimbby one, but the practical cost is that such
a sequence is not extensible to larger
There is a connection between better discrepancy and more accurate integra-
tion. Hlawka [16] proved the Koksma-Hlawka inequality

I — 1| < Dj(x1, ..., 20) Vie(f)- (1.17)

The factorVi(f) is the total variation off in the sense of Hardy and Krause.
Niederreiter [26] gives the definition.

Equation (1.17) shows that a deterministic law of large numbers can be much
better than the random one, for large enougind a functiory with finite variation
Vik(f). One often does see QMC methods performing much better than MC, but
equation (1.17) is not good for predicting when this will happen. The problem is
that D} is hard to computeli(f) is harder still, and that the bound (1.17) can
grossly overestimate the error. In some cdggss infinite while QMC still beats
MC. Schlier [32] reports that even for QMC the variancefols more strongly
related to the error than is the variation.

1.5 Digital Nets and Related Methods

Niedereitter [26] presents a comprehensive account of digital nets and sequences.
We will define them below, but first we illustrate a constructiondot 1.

The simplest digital nets are the radical inverse sequences initiated by van der
Corput [40, 41]. Leth > 2 be an integer base. The non-negative integean
be written asy 3>, nib*~t wheren;, € {0,1,...,b — 1} and only finitely many
nj are not zero. The baderadical inverse function ig,(n) = > 2, npb~*F €



( (base ¢o(()

0 0. 0.000 0.000
1 1. 0.100 0.500
2 10. 0.010 0.250
3 11. 0.110 0.750
4

5

6

7

100. 0.001 0.125
101. 0.101 0.625
110. 0.011 0.375
111. 0.111 0.875

Table 1.1: The first column shows integéfsom 0 to 7. The second column shows
£ in base2. The third column reflects the digits éfthrough the binary point to
construcips(¢). The final column is the decimal version of(¢).

[0,1). A radical inverse sequence consistspgfi) for n consecutive values af
conventionally0 throughn — 1.

Table 1.1 illustrates a radical inverse sequence, usia@ as van der Corput
did. Because consecutive integers alternate between even and odd, the van der
Corput sequence alternates between valué®, ity2) and[1/2,1). Among any4
consecutive van der Corput points there is exactly one in each inténal(k +
1)/4) for £ = 0,1,2,3. Similarly anyb™ consecutive points from the radical
inverse sequence in baseare stratified with respect " congruent intervals of
lengthl/b™.

If d > 1 then it would be a serious mistake to simply replace a stream of
pseudo-random numbers by the van der Corput sequence. For exampie=with
taking pointsz; = (#2(2i — 2), ¢2(2i — 1)) € [0,1)? we would find that all; lie
on a diagonal line with slopkinside[0,1/2) x [1/2,1).

Ford > 1 we really need a stream of quasi-randdravectors. There are
several ways to generalize the van der Corput sequente-té. The Halton [14]
sequence in0, 1)? works withd relatively prime bases, . .., b;. Usually these
are the firstd prime numbers. Then far> 1,

zi = (¢a(i — 1), 03(i — 1), ¢5(i — 1),..., dp,(i — 1)) € [0,1)<.

The Halton sequence has low discrepandy:= O((logn)?/n).

The Halton sequence is extensible in bothndd. For smalld the points of the
Halton sequence have a nearly uniform distribution. The left panel of Figure 1.5
shows a two dimensional portion of the Halton sequence using prime baseb



Figure 1.5: The left panel shows the fi2dtx 32 = 72 points of the Halton sequence
using base& and3. The middle panel shows the firg2 points for thel0’th and
11'th primes,29 and31 respectively. The right panel shows thé&gepoints after
Faure’s [11] permutation is applied.

3. The second panel shows the same points for lizsasd31 as would be needed
with d = 11. While the are nearly uniform in one dimensional problems, their two
dimensional uniformity is seriously lacking. When it is possible to identify the
more important components of these should be sampled using the smaller prime
bases.

The poorer distribution for larger primes can be mitigated using a permutation
of Faure [11]. Letr be a permutation of0, ...,b — 1}. Then the radical inverse
function can be generalized # (n) = >3, m(ng)b~*. It still holds that any
consecutive™ values of¢, (i) stratify into b™ boxes of lengthl /b™. Faure’s
transformationr;, of 0,...,b — 1is particularly simple. Letro = (0,1). For even
b > 2takem, = (279, 2m/0 + 1), SOmy = (0,2,1,3). For oddb > 2 put
k= (b—1)/2andn = ¢»_1. Then addl to any member of) greater than or equal
to k. Thenm, = (n(0),...,n(k — 1), k,n(k),...,n(b — 2)). For example with
b = 5 we getk = 2, and after the larger elements are incremented, (0, 3,1, 4).
Finally 75 = (0, 3,2, 1,4). The third plot in Figure 1.5 shows the effect of Faure’s
permutations on the Halton sequence.

Digital nets provide more satisfactory generalizations of radical inverse se-
guences tal > 2. Recall theb-ary boxes in (1.14). The box there has volume
b=K whereK = k; + - -- + kq. Ideally we would likenb=% points in every such
box. Digital nets do this, at least for small enough



Letb > 2 be an integer base and et > ¢ > 0 be integers. At, m,d)-net in
baseb is a finite sequence;, . .., = for which everyb-ary box of volumeb!—™
contains exactly’ points of the sequence.

Clearlyt = 0 corresponds to better stratification. For given valuds of, and
d, particularly for larged, there may not exist a net with= 0, and so nets with
t > 0 are widely used.

Faure [10] provides a construction @, m, p)—nets in base wherep is a
prime number. The first component of these nets is the radical inverse function in
basep applied to0 throughd™ — 1. Figure 1.6 shows81 points of a(0, 4, 2)—net
in base3. There aré different shapes df-ary box with volumel /81. The aspect
ratios arel x 1/81,1/3 x 1/27,1/9 x 1/9, 1/17 x 1/3, and1/81 x 1. Latin
hypercube samples 81 points balance the first and last of these, jittered sampling
balances the third, while multi-jittered sampling balances the first, third, and fifth.
A (0,4,2)-net balance81 different3-ary boxes of each of theseaspect ratios.

If f is well approximated by a sum of the correspondifg indicator functions,
then|I — I| will be small.

The extensible version of a digital net is a digital sequencé:, A)—sequence
in baseb is an infinite sequencer;) for ¢ > 1 such that for all integers > 0
andm > t, the pointse,ym 1, ..., T(41)pm form a(t,m,d)-netin baseé. This
sequence can be expressed as an infinite stregmref d)—nets, simultaneously
for all m > t. Faure [10] provided a construction (f, p)-sequences in bage
Niederreiter [25] showed that construction can be extend€d, (p—sequences in
baseg whereq = p” is a power of a prime. The Faure net shown in Figure 1.6 is
in fact the first81 points of the first two variables in@, 3)-sequence in base

Form > tandl < X\ < b, the first Ab™ points in a(¢,d)-sequence are
balanced with respect to @iary boxes of volumé’=—™ or larger. Ifn is not of the
form Ab™, then the points do not necessarily balance any non-trivéa boxes.

The Faure sequence and Niederreiter's generalization of it, required.
When the dimension is large then it becomes necessary to use a large dade
then eithen™ is very large, orm is very small. Then the Sobol' [35] sequences
become attractive. They afe d)—sequences in bage= 2. The quality parame-
tert depends onrl. Niederreiter [25] combined the methods of Sobol’ and Faure,
generating new sequences. Aftys)—sequence is a low discrepancy sequence, as
shown in Niederreiter [26].
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Figure 1.6: Shown arél1 points of a(0,4)—net in base3. Reference lines are
included to make th8-ary boxes more visible. Thefedifferent shapes a-ary
box balanced by these points. One box of each shape is highlighted.

1.6 Integration Lattices

In addition to digital nets and sequences, there is a second major QMC technique,
known as integration lattices. The simplest example of an integration lattice is a
rank one lattice. These take the form

x;=(—1)(g1,...,94) modn (1.18)



Figure 1.7: Shown are the points of two integration lattices in the unit square. The
lattice on the right has much better uniformity, showing the importance of making

a good choice of lattice generator.

fori = 1,...,n. Usuallyg; = 1. Figure 1.7 shows two integration lattices in
[0, 1) with n = 89. The first hagj, = 22 and the second one hgs= 55.

It is clear that the second lattice in Figure 1.7 is more evenly distributed than
the first one. The method of good lattice points is the application of the rule (1.18)
with n and g carefully chosen to get good uniformity. Fang and Wang [9] and
Hua and Wang [18] describe construction and use of good lattice points, including
extensive tables of andg.

Sloan and Joe [34] describe integration lattices in general, including lattices of
rank higher thari. A lattice of rankr for 1 < r < d requiresr vectors likeg to
generate it. The origin of lattice methods is in Korobov [20]. Korobov’s rules have
g = (1,h,Rh%, ..., h%1) so that the search for a good rule requires only a careful

choice of two numbers andh.

Until recently, integration lattices were not extensible. Extensible integration
lattices are a research topic of current interest, following the publication of Hick-

ernell, Hong, L'Ecuyer and Lemieux [15].



Integration lattices are not as widely used in computer graphics as digital nets.
Their periodic structure is likely to produce unwanted aliasing artifacts, at least in
some applications. Compared to digital nets, integration lattices are very good at
integrating smooth functions, especially smooth periodic functions.

1.7 Randomized Quasi-Monte Carlo

QMC methods may be thought of as derandomized MC. Randomized QMC (RQMC)
methods re-randomize them. The original motivation is to get sample based error
estimates.

In RQMC, one takes a QMC sequer{eg) and transforms it into random points
(x;) such that; retain a QMC property and the expectation/ 6§ . The simplest
way to achieve the latter property is to have eagh~ U[0,1)¢. With RQMC
we can repeat a QMC integratidd times independently getting, ..., /. The
combined estimaté = (1/R) 3% | I, has expected valug and an unbiased
estimate of the RMSE afis R-1(R — 1)~ Y7_ (I, — I)?.

Cranley and Patterson [6] proposed a rotation modulo one

zi=a;+U mod1

whereU ~ U[0,1)¢ and both addition and remainder modulo one are interpreted
componentwise. It is easy to see that eagh- U[0,1)?. Cranley and Patterson
proposed rotations of integration lattices. Tuffin [39] considered applying such
rotations to digital nets. They don’t remain nets, but they still look very uniform.
Owen [27] proposes a scrambling of the bagdigits of a;. Suppose that;
is thes’th row of the matrixA with entriesA;; for j = 1,...,d, and eitheri =
1,...,nfor afinite sequence a@r> 1 for an infinite one. Letd;; = >3, b Fa;jx
wherea;jx € {0,1,...,b — 1}. Now let z;jx = Tja;;..a;;,_ 1 (aik) Where
Tje@ij1 i 1 is a uniform random permutation 6f...,b — 1. All the permu-
tations required are independent, and the permutation applied tdthhaigits of
A;; depends on and on the preceding — 1 digits.
Applying this scrambling to any poini € [0,1)? produces a point: ~
U[0,1) If (a;) is a(t,m,d)-net in basé or a (t,d)-sequence in bage then
with probability 1, the same holds for the scrambled versjop). The scrambling
described above requires a great many permutations. Random linear scrambling
is a partial derandomization of scrambled nets, given by Mah(23] and also



in Hong and Hickernell [17]. Random linear scrambling significantly reduces the
number of permutations required frad{db™) to O(dm?).

For integration over a scrambled digital sequence we havel Vat o(1/n)
for any f with 02 < oco. Thus for large enough a better than MC result will be
obtained. For integration over a scramb{@dm, d)-net Owen [28] shows that

N in(d—1, 2 ) 2
var(l) < ( b )mln( m)0_§2720
b—1 n n
That is scrambled0, m, d)—nets cannot have more thar= exp(1) = 2.72 times
the Monte Carlo variance for finite. For nets in basé = 2 andt > 0, Owen [30]

shows that )

var(f) < 2t3¢
n
Compared to QMC, we expect RQMC to do no harm. After all, the resulting
x; still have a QMC structure, and so the RMSE shouldige ~! (logn)?). Some
forms of RQMC reduce the RMSE 10(n3/2(log n)(¢=1)/2) for smooth enough
f. This can be understood as random errors cancelling where deterministic ones

do not. Surveys of RQMC appear in Owen [31] and L'Ecuyer and Lemieux [22].

1.8 Padding and Latin Supercube Sampling

In some applicationg is so large that it becomes problematic to construct a mean-
ingful QMC sequence. For example the number of random vectors needed to fol-
low a single light path in a scene with many reflective objects can be very large
and may not have an a priori bound. As another example, if acceptance-rejection
sampling (Devroye [8]) is used to generate a random variable then a large number
of random variables may need to be generated in order to produce that variable.
Padding is a simple expedient solution to the problem. One uses a QMC or
RQMC sequence in dimensiarfor what one expects are tkanost important in-
put variables. Then one pads out the input with s independent/[0, 1) random
variables. This technique was used in Spanier [36] for particle transport simula-
tions. It is also possible to pad withda— s dimensional Latin hypercube sample
as described in Owen [29], even wheis conceptually infinite.
In Latin supercube sampling, theinput variables ofr; are partitioned into
some numbe¥; of groups. Thej'th group has dimensiod; > 1 and of course

Z;‘f’:l d; = d. A QMC or RQMC method is applied in each of tiegroups.



Just as the van der Corput sequence cannot simply be substituted for a pseudo-
random generator, care has to be taken in using multiple (R)YQMC methods within
the same problem. It would not work to takeindependent randomizations of
the same QMC sequence. The fix is to randomize the run order &f greups
relative to each other, just as Latin hypercube sampling randomizes the run order
of d stratified samples.

To describe LSS, fof = 1,...,kandi = 1,...,nletaj; € [0,1)%. Suppose
thata;q,...,a;, are a (R)JQMC point set. For=1,...,k, letn;(i) be indepen-
dent uniform permutations df, ..., n. Then letr;; = aj, ;). The LSS has rows
x; comprised ofry;, . .., xx;. Owen [29] shows that in Latin supercube sampling
the functionf can be written as a sum of two parts. One, from within groups
of variables, is integrated with an (R)QMC error rate, while the other part, from
between groups of variables, is integrated at the Monte Carlo rate. Thus a good
grouping of variables is important as is a good choice of (R)QMC within groups.
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