
Chapter 1

Quasi-Monte Carlo Samplingby
Art B. Owen

In Monte Carlo (MC) sampling the sample averages of random quantities are used
to estimate the corresponding expectations. The justification is through the law of
large numbers. In quasi-Monte Carlo (QMC) sampling we are able to get a law
of large numbers with deterministic inputs instead of random ones. Naturally we
seek deterministic inputs that make the answer converge as quickly as possible. In
particular it is common for QMC to produce much more accurate answers than MC
does. Keller [19] was an early proponent of QMC methods for computer graphics.

We begin by reviewing Monte Carlo sampling and showing how many prob-
lems can be reduced to integrals over the unit cube[0, 1)d. Next we consider
how stratification methods, such as jittered sampling, can improve the accuracy
of Monte Carlo for favorable functions while doing no harm for unfavorable ones.
Method of multiple-stratification such as Latin hypercube sampling (n-rooks) rep-
resent a significant improvement on stratified sampling. These stratification meth-
ods balance the sampling points with respect to a large number of hyperrectangular
boxes. QMC may be thought of as an attempt to take this to the logical limit: how
close can we get to balancing the sample points with respect to every box in[0, 1)d

at once? The answer, provided by the theory of discrepancy is surprisingly far, and
that the result produce a significant improvement compared to MC. This chapter
concludes with a presentation of digital nets, integration lattices and randomized
QMC.
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1.1 Crude Monte Carlo

As a frame of reference for QMC, we recap the basics of MC. Suppose that the
average we want to compute is written as an integral

I =
∫
D
f(x)q(x)dx. (1.1)

The setD ⊆ R
d is the domain of interest, perhaps a region on the unit sphere

or in the unit cube. The functionq is a probability density function onD. That is
q(x) ≥ 0 and

∫
D q(x)dx = 1. The functionf gives the quantity whose expectation

we seek:I is the expected value off(x) for randomx with densityq onD.
In crude Monte Carlo sampling we generaten independent samplesx1, . . . , xn

from the densityq and estimateI by

Î = În =
1
n

n∑
i=1

f(xi). (1.2)

The strong law of large numbers tells us that

Pr
(

lim
n→∞

În = I
)

= 1. (1.3)

That is, crude Monte Carlo always converges to the right answer asn increases
without bound.

Now suppose thatf has finite varianceσ2 = Var(f(x)) ≡
∫
D(f(x)−I)2q(x)dx.

ThenE((În − I)2) = σ2/n so the root mean square error (RMSE) of MC sam-
pling isO(1/

√
n). This rate is slow compared to that of classical quadrature rules

(Davis and Rabinowitz [7]) for smooth functions in low dimensions. Monte Carlo
methods can improve on classical ones for problems in high dimensions or on dis-
continuous functions.

A given integration problem can be written in the form (1.1) in many different
ways. First, letp be a probability density onD such thatp(x) > 0 whenever
q(x)|f(x)| > 0. Then

I =
∫
D
f(x)q(x)dx =

∫
D

f(x)q(x)
p(x)

p(x)dx

and we could as well samplexi ∼ p(x) and estimateI by

Îp = În,p =
1
n

n∑
i=1

f(xi)q(xi)
p(xi)

. (1.4)



The RMSE can be strongly affected, for better or worse, by this re-expression,
known as importance sampling. If we are able to find a goodp that is nearly
proportional tofq then we can get much better estimates.

Making a good choice of densityp is problem specific. Suppose for instance,
that one of the components ofx describes the angleθ = θ(x) between a ray and a
surface normal. The original version off may include a factor ofcos(θ)η for some
η > 0. Using a densityp(x) ∝ q(x) cos(θ)η corresponds to moving the cosine
power out of the integrand and into the sampling density.

We will suppose that a choice ofp has already been made. There is also the
possibility of using a mixture of sampling densitiespj as with the balance heuristic
of Veach and Guibas [42, 43]. This case can be incorporated by increasing the di-
mension ofx by one, and using that variable to selectj from a discrete distribution.

Monte Carlo sampling ofx ∼ p overD almost always uses points from a
pseudo-random number generator simulating the uniform distribution on the inter-
val from0 to 1. We will take this to mean the uniform distribution on the half-open
interval [0, 1). Suppose that it takesd∗ uniform random variables to simulate a
point in the dimensional domainD. Oftend∗ = d but sometimesd∗ = 2 vari-
ables from[0, 1) can be used to generate a point within a surface element ind = 3
dimensional space. In other problems we might used∗ > d random variables to
generate ap distributed point inD ⊆ Rd. Chapter??describes general techniques
for transforming[0, 1)d intoD and provides some specific examples of use in ray
tracing. Devroye [8] is a comprehensive reference on techniques for transforming
uniform random variables into one’s desired random objects.

Suppose that a point having theU [0, 1)d
∗

distribution is transformed into a
point τ(x) having the densityp onD. Then

I =
∫
D

f(x)q(x)
p(x)

p(x)dx =
∫

[0,1)d∗

f(τ(x))q(τ(x))
p(τ(x))

dx ≡
∫

[0,1)d∗
f∗(x)dx

(1.5)

wheref∗ incorporates the transformationτ and the densityq. ThenI is estimated
by

Î =
1
n

n∑
i=1

f(τ(xi))q(τ(xi))
p(τ(xi))

=
1
n

n∑
i=1

f∗(xi) (1.6)

wherexi are independentU [0, 1)d
∗

random variables.



Equation (1.5) expresses the original MC problem (1.1) as one of integrating
a functionf∗ over the unit cube ind∗ dimensions. We may therefore reformulate
the problem as findingI =

∫
[0,1)d f(x)dx. The newd is the oldd∗ and the newf

is the oldf∗.

1.2 Stratification

Stratified sampling is a technique for reducing the variance of a Monte Carlo inte-
gral. It was originally applied in survey sampling (see Cochran [4]) and has been
adapted in Monte Carlo methods, Fishman [12]. In stratified sampling, the domain
of x is written as a union of strataD =

⋃H
h=1Dh whereDj

⋂
Dk = ∅ if j 6= k.

An integral is estimated from within each stratum and then combined. Following
the presentation in chapter 1.1, we suppose here thatD = [0, 1)d.

Figure 1.1 shows a random sample from the unit square along with3 alternative
stratified samplings. The unit cube[0, 1)d is very easily partitioned into box shaped
strata like those shown. It is also easy to sample uniformly in such strata. Suppose
thata, c ∈ [0, 1)d with a < c componentwise. LetU ∼ U [0, 1)d. Thena + (c −
a)U interpreted componentwise is uniformly distributed on the box with lower left
cornera and upper right cornerc.

In the simplest form of stratified sampling, a Monte Carlo samplexh1, . . . xhnh
is taken from within stratumDh. Each stratum is sampled independently, and the
results are combined as

ÎSTRAT = ÎSTRAT(f) =
H∑
h=1

|Dh|
nh

nh∑
i=1

f(xhi), (1.7)

where|Dh| is the volume of stratumD.
For anyx ∈ [0, 1)d leth(x) denote the stratum containingx. That isx ∈ Dh(x).

The mean and variance off within stratumh are

µh = |Dh|−1

∫
Dh
f(x)dx, and, (1.8)

σ2
h = |Dh|−1

∫
Dh

(f(x)− µh)2dx (1.9)

respectively. We can writeE(ÎSTRAT) as:

H∑
h=1

|Dh|
nh

nh∑
i=1

E(f(xhi)) =
H∑
h=1

|Dh|µh =
H∑
h=1

∫
Dh
f(x)dx = I,
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Figure 1.1: The upper left figure is a simple random sample of16 points in[0, 1)2.
The other figures show stratified samples with4 points from each of4 strata.

so that stratified sampling is unbiased.

The variance of stratified sampling depends on the allocation of sample sizenh
to strata. We will suppose thatnh is allocated proportionally, so thatnh = n|Dh|
for the total sample sizen. First we note that whenx ∼ U [0, 1)d, thenh(x) is
a random variable taking the value` with probability |D`|. Then from a standard



variance formula

σ2 = Var(f(x)) = E(Var(f(x) | h(x))) + Var(E(f(x) | h(x))) (1.10)

=
H∑
h=1

|Dh|σ2
h +

H∑
h=1

|Dh|(µh − I)2, (1.11)

so thatσ2 is a sum of contributions from within and between strata. Now

Var(ÎSTRAT) =
H∑
h=1

|Dh|2

nh
σ2
h =

1
n

H∑
h=1

|Dh|σ2
h ≤

σ2

n
, (1.12)

from (1.10).

Equation (1.12) shows that stratified sampling with proportional allocation
does not increase the variance. Proportional allocation is not usually optimal. Op-
timal allocations takenh ∝ |Dh|σh. If estimates ofσh are available they can be
used to setnh, but poor estimates ofσh could result in stratified sampling with
larger variance than crude MC. We will assume proportional allocation.

A particular form of stratified sampling is well suited to the unit cube. Haber [13]
proposes to partition the unit cube[0, 1)d intoH = md congruent cubical regions
and to takenh = 1 point from each of them. This stratification is known as jittered
sampling in graphics, following Cook, Porter and Carpenter [5].

Any function that is constant within strata is integrated without error byÎSTRAT.
If f is close to such a function, thenf is integrated with a small error. Let̄f be the
function defined bȳf(x) = µh(x), and define the residualfRES(x) = f(x)− f̄(x).
This decomposition is illustrated in Figure 1.2 for a function on[0, 1). Stratified
sampling reduces the Monte Carlo variance fromσ2(f)/n to σ2(fRES)/n.

1.3 Multiple Stratification

Suppose we can afford to sample16 points in [0, 1)2. Sampling one point from
each of16 vertical strata would be a good strategy if the functionf depended
primarily on the horizontal coordinate. Conversely if the vertical coordinate is the
more important one, then it would be better to take one point from each of16
horizontal strata.

It is possible to stratify both ways with the same sample, in what is known as
Latin hypercube sampling (McKay, Beckman and W. J. Conover [24]) orn-rooks
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Figure 1.2: The upper plot shows a piece-wise smooth functionf on [0, 1). The
step function is the best approximation̄f to f , in mean square error, among func-
tions constant over intervals[j/10, (j + 1)/10). The lower plot shows the differ-
encef − f̄ using a vertical scale similar to the upper plot.

sampling (Shirley [33]). Figure 1.3 shows a set of16 points in the square, that are
simultaneously stratified in each of16 horizontal and vertical strata.

If the functionf on [0, 1)2 is dominated by either the horizontal coordinate
or the vertical one, then we’ll get an accurate answer, and we don’t even need to
know which is the dominant variable. Better yet, suppose that neither variable is
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Figure 1.3: The left plot shows16 points, one in each of16 vertical strata. The
right plot shows the same16 points. There is one in each of16 horizontal strata.
These points form what is called a Latin hypercube sample, or ann-rooks pattern.

dominant but that

f(x) = fH(x) + fV (x) + fRES(x) (1.13)

wherefH depends only on the horizontal variable,fV depends only on the vertical
one, and the residualfRES is defined by subtraction. Latin hypercube sampling will
give an error that is largely unaffected by the additive partfH + fV . Stein [37]
showed that the variance in Latin hypercube sampling is approximatelyσ2

RES/n

whereσ2
RES is the smallest variance offRES for any decomposition of the form (1.13).

His result is for generald, not justd = 2.
Stratification with proportional allocation is never worse than crude MC. The

same is almost true for Latin hypercube sampling. Owen [28] shows that for all
n ≥ 2, d ≥ 1 and square integrablef , that

Var(ÎLHS) ≤
σ2

n− 1
.

For the worstf , Latin hypercube sampling is like using crude MC with one obser-
vation less.

The construction of a Latin hypercube sample requires uniform random permu-
tations. A uniform random permutation of0 throughn− 1 is one for which alln!



possible orderings have the same probability. Devroye [8] gives algorithms for such
random permutations. One choice is to have an arrayAi = i for i = 0, . . . , n − 1
and then forj = n − 1 down to1 swapAj with Ak wherek is uniformly and
randomly chosen from0 throughj.

For j = 1, . . . , d, let πj be independent uniform random permutations of
0, . . . , n− 1. LetUij ∼ U [0, 1)d independently fori = 1, . . . , n andj = 1, . . . , d
and letX be a matrix with

Xij =
πj(i− 1) + Uij

n
.

Then then rows ofX form a Latin hypercube sample. That is we may takexi =
(Xi1, . . . , Xid). An integral estimatêI is the same whatever order thef(xi) are
summed. As a consequence we only need to permuted−1 of thed input variables.
We can takeπ1(i− 1) = i− 1 to save the cost of one random permutation.

Jittered sampling usesn = k2 strata arranged in ak by k grid of squares
while n-rooks provides simultaneous stratification in both ann by 1 grid and a1
by n grid. It is natural to wonder which method is better. The answer depends on
whetherf is better approximated by a step function, constant within squares of size
1/k×1/k grid, or by an additive function with each term constant within narrower
bins of width1/n. Amazingly, we don’t have to choose. It is possible to arrange
n = k2 points in ann-rooks arrangement that simultaneously has one point in
each square of ak by k grid. A construction for this was proposed independently
by Chiu, Shirley and Wang [2] and by Tang [38]. The former handle more general
grids ofn = k1 × k2 points. The latter reference arranges points in[0, 1)d with
d ≥ 2 in a Latin hypercube such that every two dimensional projection ofxi puts
one point into each of a grid of strata.

1.4 Uniformity and Discrepancy

The previous sections look at stratifications in which every cell in a rectangular
grid or indeed in multiple rectangular grids gets the proper number of points. It
is clear that a finite number of points in[0, 1)d cannot be simultaneously stratified
with respect toeveryhyper-rectangular subset of[0, 1)d, yet it is interesting to ask
how far we might be able to go in that direction. This is a problem that has been
studied since Weyl [44] originated his theory of uniform distribution. Kuipers and
Niederreiter [21] summarize that theory.



Let a andc be points in[0, 1)d for whicha < c holds componentwise, and then
let [a, c) denote the box of pointsx wherea ≤ x < c holds componentwise. We
use|[a, c)| to denote thed-dimensional volume of this box.

An infinite sequence of pointsx1, x2, · · · ∈ [0, 1)d is uniformly distributed
if limn→∞(1/n)

∑n
i=1 1a≤xi<c = |[a, c)| holds for all boxes. This means that

În → I for every functionf(x) of the form1a≤x<c and so for any finite linear
combination of such indicators of boxes. It is known thatlimn→∞ |În − I| = 0
for uniformly distributedxi and any functionf that is Riemann integrable. Thus
uniformly distributed sequences can be used to provide a deterministic law of large
numbers.

To show that a sequence is uniformly distributed it is enough to show that
În → I whenf is the indicator of a suitable subset of boxes. Anchored boxes
take the form[0, a) for some pointa ∈ [0, 1)d. If În → I for all indicators of
anchored boxes, then the same holds for all boxes. For integersb ≥ 2 a b-adic box
is a Cartesian product of the form

d∏
j=1

[ `j
bkj

,
`j + 1
bkj

)
. (1.14)

for integerskj ≥ 0 and0 ≤ `j < bkj . Whenb = 2 the box is called dyadic. An
arbitrary box can be approximated byb-ary boxes. IfÎ → I for all indicators ofb-
adic boxes then the sequence(xi) is uniformly distributed. A mathematically more
interesting result is the Weyl condition. The sequence(xi) is uniformly distributed
if and only if În → I for all trigonometric polynomialsf(x) = e2π

√
−1k·x where

k ∈ Zd.
If xi are independentU [0, 1)d variables, then(xi) is uniformly distributed with

probability one. Of course we hope to do better than random points. To that end,
we need a numerical measure of how uniformly distributed a sequence of points is.
These measures are called discrepancies, and there are a great many of them. One
of the simplest is the star discrepancy

D∗n = D∗n(x1, . . . , xn) = sup
a∈[0,1)d

∣∣∣ 1
n

n∑
i=1

10≤xi<a −
∣∣[0, a)

∣∣∣∣∣ (1.15)

Figure 1.4 illustrates this discrepancy. It shows an anchored box[0, a) ∈ [0, 1)2 and
a list ofn = 20 points. The anchored box has5 of the20 points so(1/n)

∑n
i=1 10≤xi<a =

0.20. The volume of the anchored box is0.21, so the difference is|0.2 − 0.21| =
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Figure 1.4: Shown are20 points in the unit square and an anchored box (shaded)
from (0, 0) to a = (.3, .7). The anchored box[0, a) has volume0.21 and contains
a fraction5/20 = 0.2 of the points.

0.01. The star discrepancyD∗n is found by maximizing this difference over all
anchored boxes[0, a).

Forxi ∼ U [0, 1)d, Chung [3] showed that

lim sup
n→∞

√
2nD∗n√

log(log(n))
= 1 (1.16)



soD∗n = O((log log(n)/n)1/2) with probability one. An iterated logarithm grows
slowly with n, soD∗n may be only slightly larger thann−1/2 for largen.

It is known that a deterministic choice of(xi) can yieldD∗n much smaller
than (1.16). There are infinite sequences(xi) in [0, 1)d with D∗n(x1, . . . , xn) =
O(log(n)d/n). Such sequences are called “low discrepancy” sequences, and some
of them are described in chapter 1.5. It is suspected but not proven that infinite
sequences cannot be constructed withD∗n = o(log(n)d/n); see Beck and Chen [1].

In an infinite sequence, the firstm points ofx1, . . . , xn are the same for any
n ≥ m. If we knew in advance the value ofn that we wanted then we might use
a sequence customized for that value ofn, such asxn1, . . . , xnn ∈ [0, 1)d, without
insisting thatxni = xn+1 i. In this settingD∗n(xn1, . . . , xnn) = O(log(n)d−1/n)
is possible. The effect is like reducingd by one, but the practical cost is that such
a sequence is not extensible to largern.

There is a connection between better discrepancy and more accurate integra-
tion. Hlawka [16] proved the Koksma-Hlawka inequality

|Î − I| ≤ D∗n(x1, . . . , xn)VHK(f). (1.17)

The factorVHK(f) is the total variation off in the sense of Hardy and Krause.
Niederreiter [26] gives the definition.

Equation (1.17) shows that a deterministic law of large numbers can be much
better than the random one, for large enoughn and a functionf with finite variation
VHK(f). One often does see QMC methods performing much better than MC, but
equation (1.17) is not good for predicting when this will happen. The problem is
thatD∗n is hard to compute,VHK(f) is harder still, and that the bound (1.17) can
grossly overestimate the error. In some casesVHK is infinite while QMC still beats
MC. Schlier [32] reports that even for QMC the variance off is more strongly
related to the error than is the variation.

1.5 Digital Nets and Related Methods

Niedereitter [26] presents a comprehensive account of digital nets and sequences.
We will define them below, but first we illustrate a construction ford = 1.

The simplest digital nets are the radical inverse sequences initiated by van der
Corput [40, 41]. Letb ≥ 2 be an integer base. The non-negative integern can
be written as

∑∞
k=1 nkb

k−1 wherenk ∈ {0, 1, . . . , b − 1} and only finitely many
nk are not zero. The baseb radical inverse function isφb(n) =

∑∞
k=1 nkb

−k ∈



` ` base2 φ2(`)
0 0. 0.000 0.000
1 1. 0.100 0.500
2 10. 0.010 0.250
3 11. 0.110 0.750
4 100. 0.001 0.125
5 101. 0.101 0.625
6 110. 0.011 0.375
7 111. 0.111 0.875

Table 1.1: The first column shows integers` from 0 to 7. The second column shows
` in base2. The third column reflects the digits of` through the binary point to
constructφ2(`). The final column is the decimal version ofφ2(`).

[0, 1). A radical inverse sequence consists ofφb(i) for n consecutive values ofi,
conventionally0 throughn− 1.

Table 1.1 illustrates a radical inverse sequence, usingb = 2 as van der Corput
did. Because consecutive integers alternate between even and odd, the van der
Corput sequence alternates between values in[0, 1/2) and[1/2, 1). Among any4
consecutive van der Corput points there is exactly one in each interval[k/4, (k +
1)/4) for k = 0, 1, 2, 3. Similarly any bm consecutive points from the radical
inverse sequence in baseb are stratified with respect tobm congruent intervals of
length1/bm.

If d > 1 then it would be a serious mistake to simply replace a stream of
pseudo-random numbers by the van der Corput sequence. For example withd = 2
taking pointsxi = (φ2(2i− 2), φ2(2i− 1)) ∈ [0, 1)2 we would find that allxi lie
on a diagonal line with slope1 inside[0, 1/2)× [1/2, 1).

For d > 1 we really need a stream of quasi-randomd-vectors. There are
several ways to generalize the van der Corput sequence tod ≥ 1. The Halton [14]
sequence in[0, 1)d works withd relatively prime basesb1, . . . , bd. Usually these
are the firstd prime numbers. Then fori ≥ 1,

xi = (φ2(i− 1), φ3(i− 1), φ5(i− 1), . . . , φbd(i− 1)) ∈ [0, 1)d.

The Halton sequence has low discrepancy:D∗n = O((log n)d/n).
The Halton sequence is extensible in bothn andd. For smalld the points of the

Halton sequence have a nearly uniform distribution. The left panel of Figure 1.5
shows a two dimensional portion of the Halton sequence using prime bases2 and
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Figure 1.5: The left panel shows the first23×32 = 72 points of the Halton sequence
using bases2 and3. The middle panel shows the first72 points for the10’th and
11’th primes,29 and31 respectively. The right panel shows these72 points after
Faure’s [11] permutation is applied.

3. The second panel shows the same points for bases29 and31 as would be needed
with d = 11. While the are nearly uniform in one dimensional problems, their two
dimensional uniformity is seriously lacking. When it is possible to identify the
more important components ofx, these should be sampled using the smaller prime
bases.

The poorer distribution for larger primes can be mitigated using a permutation
of Faure [11]. Letπ be a permutation of{0, . . . , b − 1}. Then the radical inverse
function can be generalized toφb,π(n) =

∑∞
k=1 π(nk)b−k. It still holds that any

consecutivebm values ofφb,π(i) stratify into bm boxes of length1/bm. Faure’s
transformationπb of 0, . . . , b− 1 is particularly simple. Letπ2 = (0, 1). For even
b > 2 takeπb = (2πb/2, 2πb/2 + 1), soπ4 = (0, 2, 1, 3). For oddb > 2 put
k = (b− 1)/2 andη = φb−1. Then add1 to any member ofη greater than or equal
to k. Thenπb = (η(0), . . . , η(k − 1), k, η(k), . . . , η(b − 2)). For example with
b = 5 we getk = 2, and after the larger elements are incremented,η = (0, 3, 1, 4).
Finally π5 = (0, 3, 2, 1, 4). The third plot in Figure 1.5 shows the effect of Faure’s
permutations on the Halton sequence.

Digital nets provide more satisfactory generalizations of radical inverse se-
quences tod ≥ 2. Recall theb-ary boxes in (1.14). The box there has volume
b−K whereK = k1 + · · ·+ kd. Ideally we would likenb−K points in every such
box. Digital nets do this, at least for small enoughK.



Let b ≥ 2 be an integer base and letm ≥ t ≥ 0 be integers. A(t,m, d)–net in
baseb is a finite sequencex1, . . . , xbm for which everyb-ary box of volumebt−m

contains exactlybt points of the sequence.

Clearlyt = 0 corresponds to better stratification. For given values ofb,m, and
d, particularly for larged, there may not exist a net witht = 0, and so nets with
t > 0 are widely used.

Faure [10] provides a construction of(0,m, p)–nets in basep wherep is a
prime number. The first component of these nets is the radical inverse function in
basep applied to0 throughbm − 1. Figure 1.6 shows81 points of a(0, 4, 2)–net
in base3. There are5 different shapes of3-ary box with volume1/81. The aspect
ratios are1 × 1/81, 1/3 × 1/27, 1/9 × 1/9, 1/17 × 1/3, and1/81 × 1. Latin
hypercube samples of81 points balance the first and last of these, jittered sampling
balances the third, while multi-jittered sampling balances the first, third, and fifth.
A (0, 4, 2)–net balances81 different3-ary boxes of each of these5 aspect ratios.
If f is well approximated by a sum of the corresponding405 indicator functions,
then|Î − I| will be small.

The extensible version of a digital net is a digital sequence. A(t, s)–sequence
in baseb is an infinite sequence(xi) for i ≥ 1 such that for all integersr ≥ 0
andm ≥ t, the pointsxrbm+1, . . . , x(r+1)bm form a (t,m, d)–net in baseb. This
sequence can be expressed as an infinite stream of(t,m, d)–nets, simultaneously
for all m ≥ t. Faure [10] provided a construction of(0, p)-sequences in basep.
Niederreiter [25] showed that construction can be extended to(0, q)–sequences in
baseq whereq = pr is a power of a primep. The Faure net shown in Figure 1.6 is
in fact the first81 points of the first two variables in a(0, 3)-sequence in base3.

For m ≥ t and 1 ≤ λ < b, the firstλbm points in a(t, d)–sequence are
balanced with respect to allb-ary boxes of volumebt−m or larger. Ifn is not of the
form λbm, then the points do not necessarily balance any non-trivialb-ary boxes.

The Faure sequence and Niederreiter’s generalization of it, requireb ≥ d.
When the dimension is large then it becomes necessary to use a large baseb, and
then eitherbm is very large, orm is very small. Then the Sobol’ [35] sequences
become attractive. They are(t, d)–sequences in baseb = 2. The quality parame-
ter t depends ond. Niederreiter [25] combined the methods of Sobol’ and Faure,
generating new sequences. Any(t, s)–sequence is a low discrepancy sequence, as
shown in Niederreiter [26].
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Figure 1.6: Shown are81 points of a(0, 4)–net in base3. Reference lines are
included to make the3-ary boxes more visible. There5 different shapes of3-ary
box balanced by these points. One box of each shape is highlighted.

1.6 Integration Lattices

In addition to digital nets and sequences, there is a second major QMC technique,
known as integration lattices. The simplest example of an integration lattice is a
rank one lattice. These take the form

xi = (i− 1)(g1, . . . , gd) mod n (1.18)
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Figure 1.7: Shown are the points of two integration lattices in the unit square. The
lattice on the right has much better uniformity, showing the importance of making
a good choice of lattice generator.

for i = 1, . . . , n. Usually g1 = 1. Figure 1.7 shows two integration lattices in
[0, 1)2 with n = 89. The first hasg2 = 22 and the second one hasg2 = 55.

It is clear that the second lattice in Figure 1.7 is more evenly distributed than
the first one. The method of good lattice points is the application of the rule (1.18)
with n andg carefully chosen to get good uniformity. Fang and Wang [9] and
Hua and Wang [18] describe construction and use of good lattice points, including
extensive tables ofn andg.

Sloan and Joe [34] describe integration lattices in general, including lattices of
rank higher than1. A lattice of rankr for 1 ≤ r ≤ d requiresr vectors likeg to
generate it. The origin of lattice methods is in Korobov [20]. Korobov’s rules have
g = (1, h, h2, . . . , hd−1) so that the search for a good rule requires only a careful
choice of two numbersn andh.

Until recently, integration lattices were not extensible. Extensible integration
lattices are a research topic of current interest, following the publication of Hick-
ernell, Hong, L’Ecuyer and Lemieux [15].



Integration lattices are not as widely used in computer graphics as digital nets.
Their periodic structure is likely to produce unwanted aliasing artifacts, at least in
some applications. Compared to digital nets, integration lattices are very good at
integrating smooth functions, especially smooth periodic functions.

1.7 Randomized Quasi-Monte Carlo

QMC methods may be thought of as derandomized MC. Randomized QMC (RQMC)
methods re-randomize them. The original motivation is to get sample based error
estimates.

In RQMC, one takes a QMC sequence(ai) and transforms it into random points
(xi) such thatxi retain a QMC property and the expectation ofÎ is I. The simplest
way to achieve the latter property is to have eachxi ∼ U [0, 1)d. With RQMC
we can repeat a QMC integrationR times independently gettinĝI1, . . . , ÎR. The
combined estimatêI = (1/R)

∑R
r=1 Îr has expected valueI and an unbiased

estimate of the RMSE of̂I isR−1(R− 1)−1
∑r

r=1(Îr − Î)2.

Cranley and Patterson [6] proposed a rotation modulo one

xi = ai + U mod 1

whereU ∼ U [0, 1)d and both addition and remainder modulo one are interpreted
componentwise. It is easy to see that eachxi ∼ U [0, 1)d. Cranley and Patterson
proposed rotations of integration lattices. Tuffin [39] considered applying such
rotations to digital nets. They don’t remain nets, but they still look very uniform.

Owen [27] proposes a scrambling of the baseb digits of ai. Suppose thatai
is thei’th row of the matrixA with entriesAij for j = 1, . . . , d, and eitheri =
1, . . . , n for a finite sequence ori ≥ 1 for an infinite one. LetAij =

∑∞
k=1 b

−kaijk
whereaijk ∈ {0, 1, . . . , b − 1}. Now let xijk = πj·aij1...aij k−1

(aijk) where
πj·aij1...aij k−1

is a uniform random permutation of0, . . . , b − 1. All the permu-
tations required are independent, and the permutation applied to thek’th digits of
Aij depends onj and on the precedingk − 1 digits.

Applying this scrambling to any pointa ∈ [0, 1)d produces a pointx ∼
U [0, 1)d. If (ai) is a (t,m, d)–net in baseb or a (t, d)–sequence in baseb, then
with probability1, the same holds for the scrambled version(xi). The scrambling
described above requires a great many permutations. Random linear scrambling
is a partial derandomization of scrambled nets, given by Matoušek [23] and also



in Hong and Hickernell [17]. Random linear scrambling significantly reduces the
number of permutations required fromO(dbm) toO(dm2).

For integration over a scrambled digital sequence we have Var(Î) = o(1/n)
for anyf with σ2 < ∞. Thus for large enoughn a better than MC result will be
obtained. For integration over a scrambled(0,m, d)-net Owen [28] shows that

Var(Î) ≤
( b

b− 1

)min(d−1,m)σ2

n
≤ 2.72σ2

n
.

That is scrambled(0,m, d)–nets cannot have more thane = exp(1) .= 2.72 times
the Monte Carlo variance for finiten. For nets in baseb = 2 andt ≥ 0, Owen [30]
shows that

Var(Î) ≤ 2t3d
σ2

n
.

Compared to QMC, we expect RQMC to do no harm. After all, the resulting
xi still have a QMC structure, and so the RMSE should beO(n−1(log n)d). Some
forms of RQMC reduce the RMSE toO(n−3/2(log n)(d−1)/2) for smooth enough
f . This can be understood as random errors cancelling where deterministic ones
do not. Surveys of RQMC appear in Owen [31] and L’Ecuyer and Lemieux [22].

1.8 Padding and Latin Supercube Sampling

In some applicationsd is so large that it becomes problematic to construct a mean-
ingful QMC sequence. For example the number of random vectors needed to fol-
low a single light path in a scene with many reflective objects can be very large
and may not have an a priori bound. As another example, if acceptance-rejection
sampling (Devroye [8]) is used to generate a random variable then a large number
of random variables may need to be generated in order to produce that variable.

Padding is a simple expedient solution to the problem. One uses a QMC or
RQMC sequence in dimensions for what one expects are thes most important in-
put variables. Then one pads out the input withd− s independentU [0, 1) random
variables. This technique was used in Spanier [36] for particle transport simula-
tions. It is also possible to pad with ad − s dimensional Latin hypercube sample
as described in Owen [29], even whend is conceptually infinite.

In Latin supercube sampling, thed input variables ofxi are partitioned into
some numberk of groups. Thej’th group has dimensiondj ≥ 1 and of course∑k

j=1 dj = d. A QMC or RQMC method is applied in each of thek groups.



Just as the van der Corput sequence cannot simply be substituted for a pseudo-
random generator, care has to be taken in using multiple (R)QMC methods within
the same problem. It would not work to takek independent randomizations of
the same QMC sequence. The fix is to randomize the run order of thek groups
relative to each other, just as Latin hypercube sampling randomizes the run order
of d stratified samples.

To describe LSS, forj = 1, . . . , k andi = 1, . . . , n let aji ∈ [0, 1)dj . Suppose
thataj1, . . . , ajn are a (R)QMC point set. Forj = 1, . . . , k, let πj(i) be indepen-
dent uniform permutations of1, . . . , n. Then letxji = ajπj(i). The LSS has rows
xi comprised ofx1i, . . . , xki. Owen [29] shows that in Latin supercube sampling
the functionf can be written as a sum of two parts. One, from within groups
of variables, is integrated with an (R)QMC error rate, while the other part, from
between groups of variables, is integrated at the Monte Carlo rate. Thus a good
grouping of variables is important as is a good choice of (R)QMC within groups.
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