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Abstract

Quasi-regression is a method of Monte Carlo approximation useful for global sensi-
tivity analysis. This paper presents a new version, incorporating shrinkage parame-
ters of the type used in wavelet approximation. As an example application, a black
box function from machine learning is analyzed. That function is nearly a sum of
functions of one and two variables and the first variable acting alone accounts for
more than half of the variance.
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1 Introduction

Quasi-regression is a Monte Carlo method for constructing approximations to
functions. The approximations can serve many purposes. They may be used
as rapidly computable surrogates for visualization or for optimization. In this
article we use them in a kind of global sensitivity analysis to get qualitative
information about a “black box” function of interest.

* The talk by Owen at MCM 2001 in Salzburg Austria surveyed quasi-regression
as developed in papers [1-3]. We thank the organizers for permitting us to write
here about some new directions for quasi-regression.
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Quasi-regression is based on observations sampled from the domain of the
function f to be approximated. The function f is expanded in an infinite sum
of coefficients times basis functions. A finite subset of the coefficients are then
estimated using sample values of f. A natural approach is least squares regres-
sion of f on p of the basis functions using n observations. The computational
cost of regression is typically O(np?) due to the need to solve a system of p
equations in p unknowns. In quasi-regression the cost can be held to O(np)
by exploiting the known integrals of products of basis functions. As a result,
larger values of n and much larger values of p become computationally feasible.

An and Owen [1] present quasi-regression, and give some illustrative examples.
Owen [2] uses quasi-regression to assess the degree of linearity in high dimen-
sional functions. In one example the degree of linearity of a 1, 000, 000 dimen-
sional function is estimated to within a few percent, with only 100, 000 function
values. Lemieux and Owen [3] apply quasi-regression to study the effective di-
mension of some integrands. The name is in honor of quasi-interpolation [4]
where a similar idea is applied to avoid solving a large system of equations.

The main innovation we present here is the use of shrinkage coefficients in
quasi-regression. Shrinkage coefficients are widely used when fitting wavelet
models to noisy data. See for example Donoho and Johnstone [5]. Efromovich
[6] mixes quasi-regression with regression and some shrinkage for orthogo-
nal series on the unit interval in one dimension. The idea underlying quasi-
regression was proposed for computer experiments in [7,8], as a means of
avoiding some O(n®) computations that can arise in the kriging approach of
[9-11] and others.

Saltelli, Chan and Scott [12] provide an up to date survey of sensitivity anal-
ysis methods including global sensitivity analysis which goes well beyond the
usual methods based on partial derivatives. In a series of papers, Sobol’ and
co-authors [13-16] develop unbiased Monte Carlo methods of estimating global
sensitivity measures expressed as variances of certain analysis of variance
(ANOVA) component functions. Quasi-regression methods have the advantage
of yielding computable approximations to the ANOVA component functions
themselves, with the disadvantage that the corresponding ANOVA variances
have a truncation bias.

Section 2 presents the notation for quasi-regression with shrinkage (QRS).
The tensor product bases we study are described in Section 3. Some elemen-
tary properties of the method are recorded in Section 4. Section 5 presents a
numerical example. A black box function representing the output of a neu-
ral network is approximated. From the approximation we learn that the first
input variable is most important with an effect that is monotone decreasing
and nearly quadratic. An additive approximation captures roughly 80% of the
variance of the function, and a sum of functions of two or fewer of the inputs



captures roughly 98.2% of the variance. Section 6 presents our conclusions.

2 Notation

We suppose that interest centers on a real valued function f € L?(0,1)% We
suppose further that we have selected a complete orthonormal basis {¢, |
r € U} for L?(0,1)¢. The index set U is countably infinite and we assume it
contains a special element 0 with 1g(x) =1 for all z.

In terms of the basis we may write

f(z) =2 Brpr(2)

reu

where
67" = ‘/(O,I)d f(fv)lﬁr(l")dx

Integrals without an explicit domain are assumed to be over (0,1)%, and index
sums without an explicit range are over the whole of U.

The basis functions satisfy [¢,(z)dx = 1,—¢ and [ ¢.(z)s(z)dz = 1,—5 by
their definition. We assume also that [, (z)*dz < oco. We will use tensor
products of univariate basis functions as described in Section 3.

The quasi-regression of [1] approximates f(z) by f () = X,er Emwr (z) for a
finite set R containing p indices, using f,, = (1/n) X%, f(z;)¢,(x;) where z;
are independent U(0,1)% vectors. The cost is only O(np) to compute j3,; for
reRand1 <3 <n.

Uniformity of z; implies that F (EM) = 3, and can be used to derive an unbi-
ased estimate @(Bm) = [n(n — V)]7' S8, (e (i) f (i) — Bm)z of Var(Bm).
The error f(z) — f(z) depends on the variance of 3, for r € R and also on
the values of 3, for » ¢ R. An and Owen [1] employ statistical methods to
estimate [(f(z) — f(x))2dz from the same function values used to compute f.

As noted in [1], the variance of B, for r # 0 is affected by adding a constant
c to f, even though the value of (3, itself is not affected. It is reasonable
to expect that ¢ = —FE(f) = —f, would be a good choice, but this value
must ordinarily be estimated from the same function values used to estimate
the quasi-regression. Improvements from estimating ¢ are reported in [2] and
[3]. Sobol’ [13,14] recommends a similar adjustment when estimating mean
squared ANOVA components for global sensitivity analysis.



In this paper we adjust the estimate of 3, using estimated values for g, with s
not necessarily zero. We also introduce some multiplicative shrinkage factors
in [0,1]. The estimated coefficients (3, are shrunk towards zero in order to
dampen the effects of their sampling variance.

Our approximations to f take the form
.];;1(37) = fn,v(m) = Z'Yr,ngr,nwr (x) (1)

for n > 1, for shrinkage coefficients 7,, € [0,1] and coefficient estimates
B,«,n € R. For each n, only finitely many of the +,, are nonzero. The number
of r with v, , # 0 is denoted by p, ,. Whenever ~,, # 0, the quantity Br,n is
an estimate of §, computed from f(z;) for 1 <1i < n. The values 7,, can be
computed from x4, ..., z,, and do not depend on x; for ¢ > n.

The estimate B,.,n is defined recursively by

N 1 .
B = = Y 0 (£(@1) = X AsioiBug-1t0e(2)) ©)
=1 S#ET
1 . -
= > () (f(l‘z) — ficip(zi) + )\r,i—lﬁr,i—lwr(xi)); (3)
=1
where A;;_1 € [0,1] may depend on zi,...,z;_1, and A is specified before

any z; are sampled. For any n > 0, only p, » < oo of the A, , are nonzero. The
function f,, » is defined similarly to f,, except that A, replaces v, ,. We will
take )\S,O = 55’0 =0.

Our algorithms use two sets of shrinkage coefficients, A, , for use in the es-
timates Br,n, and v, , for the approximation fn In practice one might use
Arm = Ve Quasi-regression of [1] has A, = 0 and v, = 1l,¢r for a fixed
set R of p basis functions. Taking A, , = 1,— makes an estimated adjustment
to Bm for the constant value ;. Some unpublished computations by Jian An
show that taking A, , = 1,cg for small n can produce very unstable results.
Highly variable values of Bm_l with A\.,—1 = 1,cr can lead to even more
highly variable values of Em, so some shrinkage is essential.

3 Tensor product bases

The basis functions we use are built as products of the univariate basis func-
tions described here. For j = 1,...,d let {¢;x, kK > 0} be a complete orthonor-
mal basis of L?(0,1). Then [y ¢;x(2)d;e(x)dx = 14—, and we also suppose that
djo(x) =1for 0 <z <1andj=1,...,d. The index j allows us to use a



different basis for each input variable, when that is helpful, though usually a
common basis ¢, = ¢y, is used for all input variables.

Let r = (r1,...,74) be a vector of d nonnegative integers, and denote the d
components of by z7 for j = 1,...,d. To each such r there corresponds a
unique tensor product function

Ur(z) = l:[1 Bjr (7). (4)

Our index set is U = {(r1,...,74) | 7; € Z,7; > 0}. The function v refers to
%, with 7 = (0,...,0).

Sets R composed of the smaller index values r are useful in approximation.
There are several ways to measure the size of r, including

d d
||r||0 = Zl 1Tj>0, ||7‘||1 = Zl’l“j, and ||T‘||oo = 11??<Xdrj
j= J= o

called the rank, degree, and order, respectively, in [1]. We let

Raosu5.0 = {0 | Irllo < Bo, il < B, lrlloo < B}

An expansion in a tensor product basis provides some interpretable quantities
that can be estimated by quasi-regression. The integral of f is [ f(z)dz = fy.
The variance of f is [[f(z) — fo]’dz = X,z B2 Foru C {1,2,...,d},let R, =
{r|r; >0 <= j € u}. Then the ANOVA component corresponding to u is
fu = Xrer, Bribu. The global sensitivity indices of [16] are Y,cg, 82/0*. The
dimension distribution used in [17] to describe effective dimension is v(k) =
\irllo=k B /0°. We may also define a “degree distribution” via 3=, =4 57 /0
to describe the smoothness of f.

A univariate basis can be constructed through orthogonal polynomials. The
Legendre polynomials are orthogonal polynomials on [—1,1]. The first four of
them are

Ly(z) =1 Li(z)=12x
Ly(x) = (32 — 1)/2  Ls(z) = (52° — 3z)/2,

and for £ > 1, they satisfy the three term recurrence
(k+1)Lg1(z) — 2k + DLy (z) + kLg—1(x) = 0.

Legendre polynomials satisfy [, L;(z)Ly(z)dz = 1;242/(2k+1). For our pur-



poses, orthonormal polynomials on (0,1) can be obtained via

be(z) = V2k + 1L (20 — 1), k>0.

The Legendre polynomials are defined with respect to a uniform weighting
of [-1,1]. Hermite and Chebychev polynomials are defined through scaled
versions of the normal and Beta(1/2,1/2) distributions respectively. We may
construct functions ¢ orthonormal on (0,1) from a distribution function
F(z) = P(Z < z), by constructing monomials (F~*(z))* for k¥ > 0, orthog-
onalizing them by Gram-Schmidt, and then normalizing them to have unit
variance. The Legendre polynomials can be obtained this way by taking F' to
be the U[—1, 1] distribution. Fourier functions and Haar wavelets also provide
convenient univariate basis functions.

4 Properties

The computational and distributional properties of the quasi-regression pre-
sented here are most simply described through terms

T, = Yr(w;) (f(ivz) -> 1s;ér/\s,z'—1Bs,i—1¢s (%))
= ¢1‘($z) Z(/Bs - 13;61')\5,i—135,i—1> ¢s(xz)

Then an =(n-— I)Bm,l + T, ,, through which a simple update of B,n,n may
be defined.

First we show that Br,n is an unbiased estimate of 3, for all » € U. The proof
allows considerable flexibility in choosing the shrinkage coefficients A, .

Proposition 1 Fori > 1 let z; be independent U0, 1)¢ random vectors. Let
Aro = Bro =0 and for i > 1 let \,; be real values computed from xq,...,x;.
Let f,,, be defined by (2). Then E(B,,) = B, forn>1 and r € U.

Proof: Conditionally on zi,...,z,_; the values A;,_; and Bs,n_l are not
random, and so averaging over the uniform distribution of z,,,

E(Tr,n | T1ye- axn—l) = /¢1‘($) (f(ﬂ?) - Z 1s;ér)\s,n—135,n—1wr($))dl‘
= ﬁr-

Therefore E(T,,) = f, and since Em is the average of T, through 7, , we
have E(f,,) = . O



Two convenient measures of the accuracy of f,, are the integrated squared
error, and the integrated mean squared error,

ISE = /[fn (#)]2dz, and, IMSE = / E(\fu(@) — f(@)])da,

respectively. ISE describes the accuracy of the approximation f we obtain
while IMSE is an average over functions we might have obtained in sampling
from the distribution of z1,...,z,. These errors have simple expressions for
quasi-regression over orthonormal bases. We analyze IMSE for the special case
of prespecified nonrandom -, , values.

Proposition 2 Let f € L*(0,1)% and let f, be defined by (1) where Yrn ar€
computed from x1,...,x,. Then ISE = ZT(%,”BM — B.)2. If v, are not ran-
dom, then IMSE = ¥, Var(B,n)72, + (1 — %n)282, and the IMSE minimizing
value of vy, p 18
R
Bt + Var(Brpn)

Proof: First,

_ 2
ISE = /(Z(’Yr,nﬁr,n - /B’I')/l/}'l‘(m)) dz
= Z Z(Vr,ngr,n - Br)(%,ngr,n - Bs) /1/%(96)1/13 (l‘)dl‘
= Z Yr, nﬁr n r
Next, for nonrandom 7, ,, we have E((%,nﬁm - B))? = vfynVar(Br,n) +(1-
Yrn)? B2 which applied term by term to ISE provides the result for IMSE =

E(ISE). Because the IMSE is a sum of quadratic functions of +, ., the optimal
Yrn are easily seen to be as above. O

The optimal 7 shrinkage factors depend on Var(8,,). If an oracle were to
provide the values of y?%' then using them would result in an IMSE of

Var(/gr,n)ﬁz
T Var(B,,n) + /81? '

IMSE®* =

Our strategy is to estimate the optimal non-random v, , using the sampled
values of f(z;). We use v,, = B7,/[Var(B.,) + B7,] where Var(3,,) is a
variance estimate computed from x4, ..., z, only.

If v, is random, then IMSE does not have the form from Proposition 2. We



can still estimate ISE for the approximation fn because
E([fa(ze) = f@) | 21, ., 2n) = ISE, (5)

for £ > n. We can average squared errors between f and fn over many values of
¢ not used in the construction of f,, to estimate the accuracy of f,. Assuming
that ISE changes only slowly with n, it is more efficient to average the squared
errors [f(z;) — fi—1(z;)]? over a block of indices m(n) < i < n.

The accuracy of approximation is improved if the values of Var(BT,n) are re-
duced. These variances in turn depend on the A shrinkage coefficients. We plan
to report some results on Var(Br,n) elsewhere. Here we mention that 7T, , is
uncorrelated with Bm_l, so that Var(ngr,n) = Var((n — 1)Bm_1) + Var(7T,.,,),
and hence Var(Bm) = (1/n?) X, Var(T},). The covariance of Br,n and Es,n
depends on quantities like 5t = [ 9 (2)9s(2) Yt (2)t0y(x)de and this is why
we assumed that [),.(z)*dz < co in Section 3.

5 Example

Here we consider a black box function of the type used in machine learning.
This one is a neural network. These and some other black box methods are
described in recent books such as [18], [19], and [20].

Venables and Ripley [21, page 300] describe a problem of predicting the per-
formance of a computer. The data originate in Ein-Dor and Feldmesser [22].
For 209 computers, the variables described in Table 1 were obtained. We mea-
sured speed by log,,(perf) and used all the other variables except name and
estperf as predictors. The first three predictor variables were log transformed.
Because chmin < chmax, the latter was replaced by chmax — chmin. Then all
6 predictors were linearly transformed to (7, ..., Zs) € [0, 1]°.

Following [21], we fit a neural network model of the form

6 " 6
bo+ D> WisoZi+ > Whoyo ! (bh +> wi—mZi) ] (6)

=1 h=1 =1

where £(z) = (1 + exp(—z)) ! is a sigmoidal function and the b and w factors
are real valued bias and weight parameters of the neural network, respectively.
The arrows subscripting w are evocative of information flowing from 6 input
nodes or units to H hidden units and then to an output unit. There are also
direct connections from input to output. The bias parameters b are there to
incorporate intercept terms through a constant predictor equal to 1.



Equation (6) describes a network with a single hidden layer of H units. We
used H = 3 hidden units. The 31 parameters given in Table 2 were obtained
using the nnet function in S-Plus as described in [21].

A black box model such as Equation (6) can be hard to interpret. We would
like to know something about the relative importance of the various inputs to
the function it encodes, and also whether those inputs affect the response in
a nearly additive way, or through some strong interactions. In other settings
we might want to study the effects of the biases and weights on one or more
predictions or on a loss function for the network, as a function on [0, 1]3.

We fit a quasi-regression and quasi-regression with shrinkage to the function
in (6) over [0,1]%. The basis functions we used were tensor products based on
Legendre polynomials as described in Section 3. Of these we used

R=Rgz4= {0 | [Irlle <8 I7llo <3, Il <4},

corresponding to p = 1145 basis functions.

For both approximations we used 500, 000 function evaluations. The shrinkage
factors were 7,, = A, = 0 for 1 <n <600, and otherwise

22
rn

B2, + Var(B, )

with

n

\733‘(37‘,71) = ﬁ Z(Tr,i - /gr,n)2-

i=1
A java implementation (version 1.3.1_01 on linux) of quasi-regression took 177
seconds on an 800 megahertz processor. Incorporating shrinkage coefficients
increased the elapsed time by about 80% to 318 seconds.

name Manufacturer and model

syct cycle time in nanoseconds

mmin | minimum main memory in kilobytes
mmax | maximum main memory in kilobytes
cach cache size in kilobytes

chmin | minimum number of channels
chmax | maximum number of channels

perf published performance relative to an IBM 370/158-3

estperf | estimated performance (from [22])

Table 1
Variables given in the cpu data set.
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0 0.46 | —2.82 3.17 0.39 | —1.21 1.36 142 | —1.01 | —-0.33

0.30

b il 12 13 14 19 16
hl —1.12 0.45 2.24 2.51 | —1.63 | —0.56 0.43
h2 —1.09 2.28 | —-0.10 1.44 2.70 1.24 0.25
h3 0.04 | —0.11 0.11 0.12 | —0.10 | —0.04 0.02

Table 2

The upper table shows the coefficients for the output unit. From left to right these
are the bias, the coefficients on the hidden units, and the coefficients on the original
inputs. The lower table shows the biases and weights from input nodes to hidden
nodes.

The error in approximating f was estimated by

ISE(n,,) = % '_"Zm [f (i) = fira ()]

for n, = m(m + 1)/2, at values of m with 100 < n,, < 500,000. The error
estimate for n = n,, is approximately the average of the v/2n previous squared
prediction errors. Making the error window grow with n produces accuracy
estimates that are smoother functions of n than the ones in [1] which use a
fixed window width.

We normalize ISE(n,,,) by the sample estimate s of the variance 0 = [(f(x)—
Bo)%dx. As a reference, ISE/0? = 1 means that f is as good an approximation
as the optimal constant 3y while ISE/0? = 0.01 means that f explains 99% of
the variance in f. Figure 1 shows ISE(n,,)/s? versus n on logarithmic axes for
100 < n < 500,000. The upper line is for QR and the lower line is for QRS.
The shrinkage, which was applied for n > 600 clearly is advantageous. At the
end of the run, the QR approximation explains all but 6.57% of the variance
in f while QRS explains all but 1.17%.

For quasi-regression without shrinkage IMSE = a+b/n for a constant b, where
the asymptote is a = 3, 4g 2. We would expect a similar pattern for ISE.
It appears from Figure 1 that the asymptotic regime has not been reached
by n = 500, 000. Instead, the error in quasi-regression is still decreasing at
essentially the 1/n rate, suggesting that estimation errors in 3., for r € R
dominate ISE. Theory for quasi-regression with shrinkage is more complicated.
That method also has a lower bound of ISE/0* > 37, 4g #7/0? and in Figure 1
the estimate of ISE appears at least initially to approach the bound at a faster
rate.

10




1073

o
<
o
—
o™
< "
o
i
100 1000 10000 100000
(&)
o
o
o
o
) il
o
o
o
Lo
o
o
Lo

100 1000 10000 100000

Fig. 1. The top plot shows the squared approximation error as a proportion of
the variance of f. The upper line is for quasi-regression and the lower line is for
quasi-regression with shrinkage (applied for n > 600). A reference point has been
added near 500000 x 177/318 = 278302 on horizontal axis. This is approximately
the number of iterations that QRS could have done in the time taken by QR. The
lower plot shows the squared approximation errors multiplied by .

syct mmin mmax cach chmin chmax | total

0.520 0.011 0.088 0.131 0.037  0.009 | 0.797

Table 3

Estimated proportion of variance of neural net model explained by variables individ-
ually. Approximately 79.7% of the variation in the function comes from an additive
component. The individual effects above sum to 79.6 not 79.7, due to rounding.

Sums of squares of estimated coefficients can be formed and normalized by the
sample variance. The additive proportion of the variance, corresponding to
the sum of 8% with ||r|lo = 1 is 0.797. Table 3 shows the estimated proportion
of variance from each of the input variables. These estimates are based on
quartic approximations because only r with ||r||, < 4 were employed. In the
presence of quintic and higher order components, the estimate presented here
underestimates the importance of the additive approximation.
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Fig. 2. Shown is an estimate of the main effect of syct for the neural network model
of log;,(perf).

More than half of the variation in f is explained by the effect of the first
predictor variable syct acting alone. Figure 2 shows the estimate of the main
effect of syct in the model. The curve plotted there is a quartic function taken
from the QRS model. Linear and quadratic components dominate the curve.

The neural network model also has some non-negligible interactions. The in-
teraction between syct and cach accounts for about 5.5% of the variation as
does the interaction between mmax and cach. The interaction between mmin
and mmax accounts for about 2.5%. The combined effect of all bivariate in-
teractions is about 18.5% of the variance of f. Main effects and bivariate
interactions together account for about 98.2% of the variance of f.

6 Discussion

Quasi-regression is a useful tool for approximating and interpreting black box
functions. Shrinkage methods as described here can improve their accuracy.
The v-shrinkage terms become especially important for large p because both
IMSE and ISE contain sums of p variance contributions.

Quasi-regression methods are well suited to functions from machine learning,
especially those that are hard to interpret but very fast to evaluate. Some

12



caveats apply to the machine learning type of applications. The training data
points are unlikely to have a sample distribution that resembles the uniform
distribution on (0, 1)j. Then an interesting feature in f captured by a corre-
sponding feature in f might possibly exist over a region of (0,1)? where there
were no data points. But when a variable or an interaction is virtually absent
from f, it is hard for the data distribution to make that variable or interaction
important.

A second caveat is that the variables that are causally important are not
necessarily the ones that end up playing an important role in f or f. Even
for linear models correlation is not causation, and similar issues are present in
sophisticated black boxes.

Quasi-regression as presented here uses only ordinary Monte Carlo sampling.
Monte Carlo sampling allows for simple error estimation without the need
for choosing special samples sizes n or sampling the function in blocks. That
quasi-Monte Carlo sampling may offer an improvement in accuracy was seen
in [3].
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