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Abstract

Many machinelearningalgorithmsmake useof black box functions. Given
suchafunction

�������
for � dimensional

�
, it canbedifficult to tell whichvariables,

if any, dominate
�
. In quasi-regressionthe function

�
is expandedin an orthog-

onalbasis.A largenumberof thecoefficientsareestimatedby MonteCarlo and
thenvariouspartsof

�
areplotted. We illustratequasi-regressionon someneural

network andsupportvectormachinefunctions.Non-independenceof thetraining
datacomplicatesinterpretation,but themethoddoesgive a way of visualizingthe
contributionsto

�
of differentsubsetsof inputvariables.

1 Intr oduction

Let �
	���
 beafunctiondefinedontheunit cube 	�������
�� . Fromevaluationsof � alonewe
seekanswersto certainquestionsabout � , suchaswhich of the � inputsto � aremost
important,andwhichof theinteractionsamongthesevariablesaremostimportant.We
alsowould like to constructplotsshowing theaverageeffect on � of a smallsubsetof
the � inputs.

Our approachto theseproblemis to expand � in an orthonormalbasiswith an
infinite numberof coefficients. If we knew thesecoefficientswe could usethem,in
particularcertainsumsof squaredcoefficients,to describethe extent to which � de-
pendson variousof its inputs,aswell astheextent to which � haslow or high order
interactionsor hasa goodlow degreeapproximation.We useMonte Carlo methods
to estimatethesecoefficients,andapply biascorrectionsto samplesumsof squared
coefficients.

Section2 givesthenotationfor orthonormalbasisexpansions.Section3 describes
someinterpretablesubsetsof coefficients,andintroducestheANOVA decomposition
of 	�������
�� . Section4 describesMonte Carlo methodsof approximatingthesecoeffi-
cients.Section5 outlineshow this methodcanbeusedon thesortof blackbox func-
tion arisingin machinelearningapplications.By far the hardestissueto dealwith is
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thatthepredictorvariablesusuallyhavenothinglikeanindependentdistribution in the
trainingdata.Section6 presentsanapplicationto predictionfunctionsfrom a support
vectormachineandfrom aneuralnetwork.

2 Orthonormal basisexpansion

Let ����	���
���� for all real values � �!�"�#� and supposethat ���$�%�'&(�*)�)*) is a
completeorthonormalbasisfor +-,$	�������
 . That is . &� ��/$	��'
��'01	���
2�$�435��/7680 , and�
	��'
93;:=</76 �?> / � / 	��'
 in meansquare,where > / 3 . &� �
	���
�� / 	���
��@�A) Familiar ex-
amplesincludeorthogonalpolynomials,Haarwavelets,andFourierseries.

Weextendtheanalysisto 	��B�*�C
�� by takingtensorproducts.For DE3F	�D & �*)*)�)G��D � 
IHJ �B�*�$�*)*)�)%KC� and �L3M	��8N &2O �*)*)�)G���8NP� O 
 define Q / 	��'
R3TS �U 6 & � /WV 	��XN U O 
 . Thenfor ��H+-,@	�������
Y� we have �
	���
Z3\[ / > /]Q^/@	���
 (1)

in meansquare,wherethecoefficientsarenow> / 3=_ N �*` &�O�a �
	���
2Q / 	���
2�$�8) (2)

3 Inter pretablesetsof coefficients

The varianceof �
	���
 for �\b4cd	�������
Y� is e?,@	f�?
g3 : /Ch6 � > ,/ . Onemeasureof the
importanceof a subseti of coefficientsis e?,j 	f�?
-3k: /*l j > ,/ . A normalizedversion
is e?,jnm e?, .

Thesubsetsof interestvary with applications.We cangrouptogetherbasisfunc-
tions Q / involving a subsetof the input variables.Or we cangrouptogethertheones
thatareof “low order” in D . Thereareseveralwaysto describelow orderof D , includingo D o �R3 �[U 6 & � /2V%p � and,

o D o &q3 �[U 6 & D U and,
o D o < 3srdt(u&]v U v � D U )

The first of thesedescribesthe numberof inputs with a nontrivial role in Q^/ . The
secondreducesto theusualnotionof degreefor polynomials.When � /WV areorthogonal
polynomials,thentheclosestapproximationto � of degree w is :yx / xWz v'{ > / Q / 	��'
 .

Whenconsideringsubsetsof input variables,we have in mind ananalysisof vari-
ance(ANOVA) decompositionof 	��B�*��
Y� thatgeneralizesthediscreteANOVA usedin
factorialexperiments.ThefunctionalANOVA wasintroducedbyHoeffding(1948)and
hasbeenstudiedby Efron andStein(1981)andSobol’ (1969).Let |~} J �@�%����)*)*)]�7��K .
Thenwe maywrite �
	���
Z3 [�$�?� &%` , `������ ` �G� � � 	��'
 (3)
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where � � 	���
 only dependson thosecomponentsof � in thesubset| . Thedecomposi-
tion (3) is not unique.Theusualchoicehasthe line integral . &� � � 	��'
2�$�XN U O vanishing
when�dH�| , for any valuesof �8N {]O w��3�� .

If |;�3�� then . N ��` &2O a � � 	��'
��(��	���
2�$� 3�� and the varianceof � can be writtene?,�3 : � h6X� e?,� wheree?,� is thevarianceof � � 	���
 for ��b=cd	�������
Y� . For theemptyset,� � is everywhereequalto theintegralof � , and e?,� 3�� .
Theterms � � where | hascardinality � |
�B3T� arecalledmaineffects. Termswith� |
����� arecalledinteractions.The ANOVA componentscanbe written in termsof

theorthogonaldecomposition.For |��3�� , let i � 3 J D9�1D U ��� if f �dH�|AK . Then� � 	���
�3�[/*l j�� > /]Q^/$	���
G� and, e ,� 3�[/*l j�� > ,/ )
Theadditive functionclosestto � in meansquareis (Stein1987)

� add	��'
-3�� ��  �[U 6 & � � U � 	��'
-3 [x / x¢¡ v?& > /*Q
/@	���
G)
Theclosestfunctionto � having interactionsof orderatmost w is[x / x¢¡ v?{ > / Q / 	��'
])

The importanceof the interaction� � maybemeasuredby e?,� . The importanceof
thesubset| of input variablescanbedescribedby either£ ,� 3 [� ��� e ,� � or, £ ,� 3 [�G¤ � h6X� e ,� )
Normalizedversions,£ ,� m e?, and £ ,� m e?, , arethe global sensitivity indicesof Sobol’
(1993). The former describesthe varianceof � attributablesolely to the effects of
variables��H¥| while the latter describesthe varianceattributableat leastin part to
variables�gH¦| . Clearly £ ,�¨§ £ ,� . A largevalueof £ ,� indicatesa subsetof variables
that actingtogethercanstronglyaffect � . A small valueof £ ,� indicatesa subsetof
variablesthathave little effecton � , evenin combinationwith othervariables.

4 Monte Carlo coefficientestimation

Thecoefficient > / is equalto theexpectedvalueof �
	���
2Q^/$	���
 when ��b\c©	��B�*��
 � . An
andOwen(2001)presentMonteCarlosamplingto estimate> / . Let ��ªAb\c©	��B�*��
Y� for« 3F�@��)*)*)*��¬ , anddefine­> / ` ® 3 �¬ ®[ ªP6 & �
	���ª¢
WQ^/$	���ª¢
]� and, (4)¯ / ` ® 3 �¬�°�� ®[ ª±6 &?² �
	���ª¢
WQ^/@	���ª¢

°

­> / ` ®�³ , ) (5)
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Both

­> N ®1O/ and
¯ / ` ® canbecomputedin onepassover theMonteCarlosampleby nu-

mericallystableupdatingformulasgivenby Chan,Golub,andLeVeque(1983).When
it is unambiguous,thedependenceon ¬ is suppressedfrom thenotation.Theexpected
valueof

¯ / m ¬ is Var	 ­> /�
 .
Quasi-regressionestimatorsarenot leastsquaresestimates.Leastsquaresestima-

tion of ´ coefficientstakes µ©	�¬�´�,�
 time wherequasi-regressionrequiresonly µ©	�¬�´�
 .
The savings is possiblebecausethe functions Q^/$	���
 areby constructionorthogonal
with respectto �~bFcd	�������
Y� , eventhoughthey arenot orthogonalwith respectto the
sampledistribution of �'&1�*)�)*)G�Y��® . For fixed ´ and ¬�¶#· , Owen(2000)shows that
leastsquaresis ordinarily moreaccuratethanquasi-regression.But quasi-regression
allowsmuchlarger ´ to beusedfor agivencomputationalbudget.

In practicewe estimateonly finitely many coefficients.We truncatetheinfinite set
of indicesto a finite set ¸¹3 J D¨� o D o � §¥º �@� o D o & §�º &C� o D o < §¥º < K for problem
dependentvaluesº � , º & , and º < . For estimates

­> / ` ® of ´ coefficients > / , DdH¨¸ , the
quasi-regressionapproximationto � is

­�(®?	���
-3\: /*lC» ­> / ` ®¼Q / 	���
])
Theaccuracy of

­� ® canbeassessedby averaging	f�
	���ª¢
'° ­� ® 	���ª¢
�
2, overanumber
of values

« ��¬ . Thisprovidesaform of cross-validatederrorbecause

­�1® dependsonly
on �'&1�*)�)*)*�Y��® andis independentof ��®1½�& . We have found it convenientto updatea
runningaverageof the mostrecentvaluesof 	��
	�� ® 
I° ­� ®¼¾X& 	�� ® 
�
�, . The numberof
valueswe useis approximately¿ �1¬ . This meansquarederror combinestruncation
errorsdueto usingafinite set ¸ andestimationerrors 	 ­> / ` ® ° > /�
2, for D9Hd¸ .

For a largeset i of coefficients,anunbiasedestimateof : /Gl j > ,/ is : /*l j ­> ,/ °¯ / m ¬ . Thebiascorrectioncanbevery importantwhenthecardinalityof i is large.
Jiangand Owen (2001) introduceshrinkagemethodsto reducethe varianceof

quasi-regressionestimates,taking
­�(®?	��'
-3 ­�1®¼` À�	���
-3 [/GlC»�Á / ` ®

­> / ` ®¼Q / 	���
]�
whereÁ / ` ®�HÃÂ �B�*�*Ä is ashrinkageparameterthatmaydependon �'&1�*)�)*)G�Y��® . Shrinkage
is alsoemployedin constructingthecoefficientestimates,taking­> / ` ® 3 �¬ ®[ ªP6 & Q
/@	���ªW
 ² �
	���ª¢
�°L[0*h68/'Å 0 ` ª ¾?&

­> 0 ` ª ¾?& Q^/@	���ª¢
 ³
where Å 0 ` ª ¾X&ÆHFÂ �B�*�GÄ may dependon �'&1�*)�)*)G�Y� ª ¾?& , and Å 0 ` � is specifiedbeforeany��ª are sampled. For any ¬ÈÇ�� , only finitely many of the Å 0 ` ® are nonzero,andÅ 0 ` � 3

­> 0 ` � 3�� .
Updatableunbiasedvarianceestimatesareavailablefor usewith shrinkageasare

cross-validatederror estimates.The cost remainsµ©	�¬�´�
 . For details,seeJiangand
Owen(2001).

5 Application to machinelearning

Supposethat training dataof the form 	�� ª �YÉ ª 
 are usedto constructa rule �
	��'
 on
whichto basepredictionof É from � . (The � ª herearenotmeantto bethesamevalues
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asthoseusedin quasi-regression.)In regressionproblemswhere ÉÃHËÊ the function� may be a direct estimateof É . When É takesonly two valuesthen �
	���
 may be
comparedto a thresholdto determinewhich valueis the prediction. In suchcases�
may have an interpretationrelatedto a conditionalprobability of É given � , or to a
margin.

Many of the most effective methodsfor machinelearningare built up as com-
binationsof simple functions. Examplesincluderadial basisfunctions,feedforward
neuralnetworks,supportvectormachines(Vapnik1995)andcombinationsof trees,as
in FreundandSchapire(1996),Friedman,Hastie,andTibshirani(2000),andBreiman
(2001).Thougheachindividual partof thefunctionis simplelooking, thefunctionas
awholeis complex.

We would like to know which componentsof � aremostimportantto � . Thereare
at leastthreedifferentnotionsof importance.The first is causality. The component�XN U O is causallyimportantif changingit in the real world will causea changein É .
Causalitycannotordinarily be inferredfrom observationaldata,dueto thepossibility
of unknown variablesaffectingboth �XN U O and É . (An exceptioncanbemadefor some
designedexperimentsemploying randomization.)We do not attemptto infer which
variablesarecausal.

A secondnotion of variableimportanceis that a variable �XN U O is importantto the
extent that out-of-samplepredictionsof É arebetterfor rules trainedwith �8N U O than
for rulestrainedon datawith � N U O absent.Predictivevariableimportanceof this sort is
mostdirectlyaddressedby trainingthemachinelearningrulemultipletimesemploying
differentsubsetsof the input variables,andcomparingaccuracy on a testset.See,for
example,John,Kohavi, andPfleger(1994).

A third notionof variableimportanceis thattakingthefunction �
	���
 at facevalue,
thevariable �8N U O playsa largerole in � . In this settingwe regardthefunction � asthe
objectof studyandlook atwhichof theinputvariablesareimportantin determiningit.

To fix ideas,considera linearpredictor Ì8�   : �U 6 & Ì U �XN U O . We cannotordinarily

tell from the Ì U whether�XN U O is causal,andbecauseof possibilityof collinearity, the Ì U
donoteventell uswhichof the � N U O arenecessaryfor agoodprediction.But in a linear
model, a large value � Ì U � is an indication of the importanceof �XN U O to the function� , assumingthat the �8N U O have beenrescaledto be comparableby somemeasureof
spread.It is alsoimmediatein a linearmodelthat thevariablesactsingly without any
interaction.Our goalis to developcomparablefacevalueinterpretationsfor blackbox
functions.

Ourapproachis similar to thatof Roosen(1995)whosampledonarandomizedor-
thogonalarraydesign(Owen1992)andaveragedfunctionvaluesto estimateANOVA
components.We find that quasi-regressionestimatesaremuch smootherthanaver-
agesoverorthogonalarrays.Researchersin globalsensitivity analysis(Saltelli,Chan,
andScott2000)alsostudyblack box functionsat facevalue,regardingthe inputsas
independent.

A seriousissuein facevalueinterpretationfor themachinelearningcontext is that
thecomponents�XN U O in thetrainingdataaretypically notcloseto independent.Wemay
identify importantstructurein � , only to find that it takesplacein a region of 	����*�C
��
containingnoneof thetrainingsamplepoints.As asimpleexample,supposethat �Í3¥�
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andthatall of thepoints 	�� N &�Oª ��� N±, Oª 
 for
« 3Î�@�*)�)*)���¬ arein thetrianglebelow theline�XN &2O   �XNP, O 3F� . Thequasi-regressionapproachconsiderspoints �¦HÃ	����*�C
2, abovethe

line aswell asbelow theline wherethedataare.
A similar issuearisesin the noising up methodof Breiman(2001). There, the

importanceof �XN U O is assessedby how badly performancedegradeswhenthe values� N U Oª for differentcasesarerandomized.After noising-up,the pairs 	�� N &�Oª ��� N±, Oª 
 will
includesomepointsabovetheline. Similarly, thepartialdependenceplotsof Friedman
(2001)presentaveragesof � overpredictorcombinationscombiningsamplevaluesof
onesubsetof predictors�XN U O with all valuesbetween� and � for the complementary
subset.In thissimpleexamplepartialdependenceplotswill alsoincludein theaverage
somepartof theregionabovetheline.

Facevalueinterpretationsof variableimportancecanstill beusedto garnerinsight
into � . Ideallya blackbox functionshouldextrapolateconservatively into any regions
wherethereareno trainingdata.Contoursof thequasi-regressionapproximationcan
beplottedalongwith thetrainingdatato checkthis.

6 Example

For our example,we considera widely studieddatasetfrom theUC Irvine repository
(Blake andMerz 1998). The responsevariableis a determinationof whethera given
womanis diabetic. Thereare7 predictors,includingmedicalmeasurementsandper-
sonalhistory. All of the womenarePimaIndians. We usedthe versionof this data
setfound in Ripley (1996). Thereare �@�@� completecasesfor training and Ï$Ï$� for a
testset.Thenumberof pregnancieswasreplacedby Ð±Ñ$Ò�	2�   numberof pregnancies
 .
Thenit andtheotherpredictorswerescaledlinearly to theinterval Â ���*�*Ä .

We consideredsupportvectormachinesandfeedforwardneuralnetworksfor mak-
ing the predictions.The neuralnetwork wasrun usingan Splusversiondescribedin
VenablesandRipley (1999).All squashingfunctionswerelogistic, 	2�  �Ó ¾�Ô 
 ¾X& . The
probabilityof beingdiabeticwasmodelledasa linearlogistic regressionin acombina-
tion of theoriginal variablesandtwo hiddenunitswhich werethemselvesconstructed
by logistic squashingof linear functionsof the inputs. We took for � the outputof
theneuralnetwork just beforethefinal squashinginto 	�������
 . Thecomparablelogistic
regressionis thensimply a linear function � . For thesupportvectormachinewe took� to bethedistancefrom theseparatinghyperplane.

Theneuralnetwork wastrainedtwice,yieldingquitedifferentfunctions,with simi-
lar performance.Wealsousedsupportvectormachineswith Gaussiankernels.Table1
shows theresultsof quasi-regressionapproximationsto theseblackboxes.Thequasi-
regressionapproximationswerebuilt usingshrinkageandwith n 3 500,000evaluations
of theblackbox functions.Coefficientsin ¸Î3 J D¨� o D o � §�Õ � o D o & §¥Ö � o D o < §�Õ K
wereused. Thereare ´=3 Õ ���C× of thesecoefficients. The basisfunctionsusedare
tensorproductsof orthogonalpolynomialsover theunit interval.

The two neuralnetworkshave the sameparametricform. As is well known, net-
work trainingcanleadto differentmodels,evenfor thesamearchitectureon thesame
data. In this casethe first fit almostignoresthe numberof pregnancies.The second
neuralnetwork hasthenumberof pregnanciesexplaining ØB) Ù % of thevariationin � all
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Logistic NNet1 NNet2 SVM(G)
TrainingError 0.230 0.200 0.170 0.200
TestError 0.244 0.214 0.232 0.205
Numberof Pregnancies 0.009 0.002 0.069 0.136
PlasmaGlucose 0.436 0.294 0.238 0.259
DiastolicB.P. 0.002 0.000 0.030 0.000
Skin fold thickness 0.002 0.051 0.006 0.017
Body massindex 0.134 0.010 0.057 0.105
DiabetesPedigreeFn 0.320 0.429 0.343 0.257
Age 0.098 0.060 0.036 0.096
Totaladditive 1.000 0.846 0.779 0.869
Total two-factor 0.000 0.085 0.125 0.118
Total three-factor 0.000 0.050 0.067 0.012
Total four-factor 0.000 0.012 0.018 0.000
QREG �q°ÛÚÜ, 6.6e° 3 1.0e° 2 4.1e° 4

Table1: Thetop rowsof numbersshow trainingandtesterrorratesfor logistic regres-
sion, two neuralnetwork fits, andsupportvectormachinesusinga Gaussiankernel.
The next seven rows show the proportionof the variationin eachmodelattributable
to thepredictorvariablestakenoneat a time. Thefollowing four rows show thetotal
contributionsof maineffectsandinteractionsinvolving two, three,andfour of thevari-
ables.TheproportionsareunbiasedestimatesbasedonaMonteCarlosample,divided
by thesamplevarianceandthenroundedto Ï places.Thefunctionson which they are
basedfits thedatawith a cross-validated�q°�Ún, givenin thebottomrow.

by itself. Thisdifferenceis largerthanthequasi-regressionerror. Thequasi-regression
modelfit theoriginal blackboxesto within �B) Ø$Ø % and � %, basedon a cross-validated
squarederror.

Thesupportvectormachinefunction is Ö ØB) Ù % additive andthesemaineffectsto-
getherwith two factor interactionsexplain about Ù¼Ý¼)ÞÝ % of the variation. The two
largestmaineffects,thosefor plasmaglucoseandthediabetespedigreefunction,were
of nearlyequalsize.Bothhadpositiveslopes.Themaineffect for plasmaglucosewas
virtually linearwhile therewassomeslightnegativecurvaturein theeffectfor thepedi-
greefunction.Thelargestinteractionis thatbetweenÐPÑ@Ò'	2�   Numberof pregnancies

andthediabetespedigreefunction,andit accountsfor ��)ÞÝ % of theSVM variation.Fig-
ure1 shows theinteractionandcomparesit to thesameinteractionfor neuralnetwork� in which it explainedonly ×9ß~��� ¾'à of thevariation.

It is clearthatoneprominentcornerin theSVM interactionis respondingto asingle
point with zeropregnanciesandthehighestobservedpedigreefunction. Thereis also
somenonlinearstructurein thecornerwherebothof thesevariablesarehigh, despite
theabsenseof any datapointsthere.In this instanceit appearsto beasmallamountof
nonlinearity.
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Figure 1: The top two plots show the interaction between ÐPÑ@Ò�	2�  
Numberof pregnancies
 and the diabetespedigreefunction in the support vector
machinepredictionof diabetes.Theplot on theleft is a contourplot, with thetraining
datasuperimposed.Plusesareplottedfor diabetics,andopencirclesfor non-diabetics.
Thecorrespondingperspective plot appearson the right. Thebottomtwo plots show
thesameinteractionfor theneuralnetwork.
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