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Abstract

When a plain Monte Carlo estimate on n samples has variance o> /n,
then scrambled digital nets attain a variance that is o(1/n) as n — oo.
For finite n and an adversarially selected integrand, the variance of a
scrambled (¢, m, s)-net can be at most I'o? /n for a maximal gain coefficient
I' < oco. The most widely used digital nets and sequences are those of
Sobol’. It was previously known that I' < 2°3° for Sobol’ points as well
as Niederreiter-Xing points. In this paper we study nets in base 2. We
show that I' < 2¢7°7! for nets. This bound is a simple, but apparently
unnoticed, consequence of a microstructure analysis in Niederreiter and
Pirsic (2001). We obtain a sharper bound that is smaller than this for
some digital nets. We also show that all nonzero gain coefficients must be
powers of two. A consequence of this latter fact is a simplified algorithm
for computing gain coefficients of nets in base 2.

1 Introduction

Numerical integration is a fundamental task in scientific computation. In high
dimensional problems, Monte Carlo (MC) methods are widely used for integra-
tion because they are less affected by dimension than classical methods, such
as those in [1]. The MC problems we study are to compute p = f[o,l]s f(z)dx
for a dimension s > 1 and most of our attention is on f € L2[0,1]°. This u
is the mathematical expectation E(f(x)) for  ~ U[0,1]*. By using transfor-
mations from [2] we can greatly expand MC to expectations of quantities with
non-uniform distributions over domains other than the unit cube, and so for
this paper it suffices to work with a ~ UJ[0, 1]°.
The MC estimate of p is

n—1

. 1 iid s

fnic = > f(@i), i~ U010 (1)
i=0

The independent uniform draws x; will form clusters and leave gaps in [0, 1]°.
This fact has lead to the development of quasi-Monte Carlo (QMC) methods,



beginning with [23], designed to cover the unit cube more evenly. See [3] for
a recent survey. A QMC estimate jigmc has the same form as finc from (1)
except that n distinct points x; € [0,1]° are chosen deterministically so as to
make the discrete uniform distribution on {xo, ..., ®,_1} close to the continuous
uniform distribution on [0, 1]°, by minimizing a measure of the discrepancy (see
[5]) between those distributions.

Using the Koksma-Hlawka inequality [7] it is possible to show that some
QMC constructions attain

liguc — p| = O(n™'log(n)* ™) (2)

when f has bounded variation in the sense of Hardy and Krause, which we write
as f € BVHK = BVHK]|0,1]*. See [21] for a description of this variation. A
drawback of QMC points is that they do not support a practical strategy to
compute the bound in (2). Randomized QMC (RQMC) points g, ..., &Tn_1
are constructed so that individually x; ~ U[0, 1]¢ while collectively these points
have the low discrepancy that makes (2) hold. Then we can estimate our er-
ror statistically, using independent replicates of the randomization procedure.
See [9] for a survey of RQMC.

In this paper we focus on perhaps the most widely used QMC method,
the Sobol’ sequences of [28]. We consider randomizing them with the RQMC
method known as scrambled nets from [18]. The MC estimate satisfies

E((inc — 1)*) = ;2 (3)

Thus MC has a root mean squared error (RMSE) of ¢/n'/2. The QMC error
in (2) is asymptotically better, but for large s the log(n)*~! factor leaves room
for doubt about QMC at feasible sample sizes.

For scrambled nets we have

E((firquc — #)?) < —— (4)

for a maximal gain coefficient I' < oo, removing the powers of log(n). If f €
BVHK, then (2) also holds for firqmc, so RQMC gets the asymptotic benefit
of QMC while (4) bounds how much worse RQMC could be compared to MC
for finite n (with an adversarily chosen integrand).

When scrambling the nets taken from Faure sequences [6], it is known from
[19] that T" < exp(1) = 2.718. The nets of Sobol’ [28] appear to be more widely
used. For them it is known from [20] that T' < 2'3° where ¢ is the quality
parameter that we describe below. In this paper we improve that bound to
show that T' < 2t*t5—1, This bound can also be deduced from the results of
Niederreiter and Pirsic [15], but to our knowledge this has not been remarked
on before. We further show that all the nonzero gain coefficients are powers
of two and we provide a slight improvement in the microstructure gain bounds
from [15].



An outline of this paper is as follows. Section 2 defines digital nets and
sequences, and reviews properties of scrambled digital nets. Section 3 proves our
bound 2!+5~1. Section 4 proves that nonzero gain coefficients must be powers
of 2. Both of these results hold for any scrambled nets in base 2 including those
of Sobol’ [28] as well as those of Niederreiter and Xing [16, 17] and base 2 nets
constructed via polynomial lattice rules, as described in [4]. Section 5 shows
that an improved exponent of 2 is possible by sharpening the usual notion of the
t parameter for a subset of variables. One concrete example with an improved
exponent is provided using shift nets of Schmid [24]. Section 6 has a discussion.

2 Notation and background

In this section we define digital nets and sequences. Then we describe methods
of scrambling them and their properties. The key property in this paper is the
set of gain coefficients of a digital net.

Throughout this paper we have a dimension s > 1. We write 1:s for
{1,2,...,s}. We use Z for the integers, Ny for non-negative integers, and for
integers n > 1 we let Z,, = {0,1,...,n—1}. Foru C l:sand © = (x1,...,25) €
[0,1]® we write x,, for the tuple (z;);ec,. The cardinality of u is written |u|. For
a set with a lengthy definition, # may be used for cardinality. For a statement
S we use 1g or 1{S}, depending on readability, to denote a variable that is 1
when S holds and 0 otherwise.

2.1 Digital nets and sequences

We let b > 2 be an integer base in which to represent integers and points in
[0,1). We work with half-open intervals because we will need to partition [0, 1)*
into congruent subsets. Note that the problems are still defined as f[o,l]s f(x)de
because QMC is strongly connected to Riemann integration [13] and the notion
of bounded variation that we use is also defined on closed unit cubes. We begin
with some standard definitions.

Definition 1. An s-dimensional elementary interval in base b has the form

E(k,c) = H[bcT] Cjbét 1)

j=1

where k = (k1,...,ks) € Z° and ¢ = (c1,...,¢5) € Z° satisfy k; > 0 and
0<Cj<bkj.

Given k, we define |k| = Z;Zl k;. For a given vector k, the bl¥l elemen-
tary intervals E(k, ¢) partition [0, 1)® into congruent sub-intervals. Ideally they
should all get the same number of our integration points x; and digital nets
defined next make this happen in certain cases.



Definition 2. For integers m >t > 0 and b > 2 and s > 1, a (¢,m, s)-net in

base b is a sequence xg,...,&,_1 € [0,1)° for n = b™ where
n—1
> m; € E(k, )} =nb ¥ = pmI¥
i=0

for every elementary interval E(k,c) with |k| < m — .

Other things being equal, we would prefer smaller ¢ and ¢t = 0 is the best.
For a given m and s and b, the smallest attainable ¢ might be larger than 0.
The minT project [26, 27] keeps track of the minimum achieved values of ¢ for
given m and s and b along with known lower bounds. When we refer to the
value of t for a sequence of points, we mean the smallest value of ¢ for which
the sequence is a (t, m, s)-net.

Definition 3. For integers t > 0 and b > 2 and s > 1, a (¢, s)-sequence in base
b is an infinite sequence xg, 1, - € [0,1)® such that for any integer m > t and
any integer r > 0 the subsequence

Lyppm , Lppm 415 -« -5 L(r41)bm—1 € [Oa 1)8
is a (t,m, s)-net in base b.

The value of (¢, s)-sequences is that they provide an extensible set of (¢, m, s)-
nets. The first b™ points are a (¢,m, s)-net in base b and if we increase the
sample to b™T1 points then we have included b — 1 more (¢,m, s)-nets and
they’re carefully constructed to fill the gaps that each other leave, so that taken
together they now comprise a (t,m + 1,s)-net in base b. Taking b of those
(t,m + 1, s)-nets yields a (t,m + 2, s)-net, and so on. The (¢, m, s)-nets that we
study are taken to be the first b points of a (¢, s)-sequence.

The first (t,m, s)-nets and (t, s)-sequences are those of Sobol’ [28]. They
are all in base b = 2. Sobol’s construction actually defines a whole family of
point sequences, determined by one’s choice of ‘direction numbers’. Joe and
Kuo [8] made an extensive search for good direction numbers and their choices
are widely used.

The smallest value of ¢ that one can attain is nondecreasing in s. The most
favorable growth rates for ¢ as a function of s are in the (¢,s)-sequences of
Niederreiter and Xing [16, 17]. These are ordinarily implemented in base 2.

The (¢, s)-sequences of Faure [6] have t = 0 but they require a prime base
b > s. The modern notion of digital nets and sequences is based on the synthesis
n [14]. That reference also generalizes Faure’s construction to bases b = p” for
a prime number p and integer r > 1.

If g,..., 2, 1 is a (t,m, s)-net in base b then Tg.,...,Tn_ 1. € [0,1)
form a (t,m, |u|)-net in base b. It is common that the quality parameter of
these projected digital nets is smaller than the one for the original net. We let
t, be the smallest such ¢ for which g ;. .., Tn_1. € [0,1)1%is a (£, m, |u|)-net
in base b. For theory about ¢, see [25], for its use defining direction numbers,



see [8], and for computational algorithms, see [11]. The quality parameter for
the first ™ points of a (¢, s)-sequence may also be smaller than the value of ¢
that holds for the entire sequence. We will introduce a second quality parameter
for a projected (t,m, s)-net in Section 5.

2.2 Scrambling nets

A scrambled net is one where the base b digits of a (¢, m, s)-net in base b have

been randomly permuted in such a way that the resulting points satisfy x; ~

U[0,1)* individually while the ensemble @y, ..., x,_; is still a (¢,m,s)-net in

base b with probability one. See [18] for the details of a nested uniform scramble

and [12] for a random linear scramble of Matousek that requires less storage.
The nested uniform scrambling has the following properties:

E(firqmc) = 1 fe Lo,
Pr( lim ﬂRQMC = u) =1 feL*™c0,1]*, some e >0,
var(uRQM@ —o(1/n) fe Lo,

var(firquc) < To?/n var(f(z)) = 0?, some I' < oo,
var(irqmc) = O(n?log(n)*™1) o“f € L?[0,1)° allu C 1:s, and
(imqmc) = O(n~2log(n)**~1)  f € BVHK|0, 1]°.

See [22] for references. It is likely that the random linear scrambling has these
moment properties too. The rate O(n=3log(n)*~1) is established under some-
what weaker conditions than stated above by Yue and Mao [29]. There is also a
central limit theorem for nested uniform sampling when ¢ = 0 due to Loh [10].

If f is singular then f ¢ BVHK, so most QMC theory does not apply to it.
Many singular integrands of interest are in L2, and so RQMC theory applies
to them. Similarly, step discontinuities and discontinuites in the derivative of f
typically lead to f ¢ BVHK [21] while not ruling out f € L2.

The constant I" above is the maximum gain coefficient of the digital net. It
is the key quantity that we study here.

2.3 Gain coefficients

The gain coeffiicents we study are defined with respect to a different parameter-

ization of elementary intervals. For u C 1:s, k € N(‘)ul and c € Nl)u‘ with ¢; < bki

let
Bk, = [[ [ %) [To0). (5)

JEuU jéu

In this representation vol(E(u, k,x)) = b~IuI=Ikl,
Using a base b Haar wavelet decomposition of L2[0,1]* in [19] we can write

f € L?[0,1]° as
=2 2 (@

uCl:s kENgu‘



where the function v, j is constant within the elementary intervals (5). These
functions are defined there in a way that makes them mutually orthogonal. For
u = @ there is just one of these functions, and it is constant over [0, 1]* with
Vg, (x) = p for all x.

From the orthogonality of v, ), we find that

o? = var(f(x)) = Z Z Tk

U#D e

where for u # @ we let aik = var(vy k(x)) = f[o 1 Vuk(x)?. Therefore with

plain MC,
var(fimc) Z Z o?

u#@ kENl ul

If instead of plain MC we use scrambled nets, then from [19] the sample
averages of v, i are still uncorrelated and

Var(,uRQMC Z Z Fu kauk

u;é@ kGN‘ ul
for gain coefficients I',, , defined at (6) below. The maximal gain coefficient is

I' = max max I'y g,
u#2 poen)!

and then var(firqmc) < I'o?/n = Ivar(fimc)-

For a scrambled (t,m,s)-net in base b, if m — ¢ > |u| + |k|, then all of
E(u, k,c) contain the same number of points of the net. As a result v,y is
integrated without error and I', , = 0.

The general formula for gain coefficients when scrambling points xq, ..., Z,_1
is

n—1n—1

Cuk = b_ n(b— 1)kl Z Z H A 1Lb"‘jwm:tb’“mi/ﬂ)'

=0 '=0j€u
(6)

Here 1LbkzijJ:Lbkzi,JJ means that x;;,z;; € [0,1) match in their first k base b
digits. The bounds from [20] are based on equation (6). Equation (6) holds for
whatever points we might choose to scramble, not just digital nets. However,
the way digital nets are constructed tends to give them small values of Iy, .

When b = 2, the factors being multiplied in (6) can only take three distinct
values, 0, —1, or 1, according to whether x;; and x;; match to fewer than k
bits, exactly k bits, or more than k bits. Also the factor (b — 1)*|“‘ reduces to
1. From this we get the simple bound

nlnl

Puke < — ZZHl Wiz =0z, (7)

1=0 i'=0jEu



when scrambling in base 2. We will see below that the bound in (7) is a power
of two. More surprisingly the exact gain in (6) is either 0 or a power of two.

2.4 Prior gain bounds

From Lemma 3 in [20] we get

DM (b= 2)

ik <
u,k b 2(()—1)‘“' ;

k< when m —t < |k|, (8)
for a slight generalization of (¢,m,s)-nets in base b. The statement of that
Lemma has m — ¢t < |k| but the proof technique also applies when m —t = |k|.
In the case b = 2, the bound simplifies to 2t71“I=1 In Section 3 we extend this
bound to all ', . Lemma 4 of [20] gives

b+1

|ul
ﬁ) when |k| <m —t < |u| + |k|.

Fu,k: < bt(
It is that Lemma that yields the bound I < 2¢3° for nets in base 2.

When ¢ = 0, [19] shows that ', < (b/(b — 1))*~!. Because such nets are
only possible when b > s we get I'y < (b/(b —1))°~! < exp(1). Despite this
very low upper bound on worst case var(firqmc)/var(fivc), nets in base 2 are
most used in practice.

Niederreiter and Pirsic [15] improved on the bounds of [20] by looking at the
microstructure of digital nets. Microstructure refers to the placement of points
within elementary intervals of volume smaller than ™ ~¢. For example the fact
that Sobol” points have ¢;) = 0 is an aspect of their microstructure.

For k € Nj they introduce

Aky, ... k) = ’Vmax 1ogb(nz_:1 1{xz; € E(k, c)})-‘

c€eZ
vk i=0
where the condition on ¢ is interpreted componentwise. They also use

Ar = max A(ky,..., ks).
|k|=K

These quantities are well defined whether @; are a (¢, m, s)-net in base b or
not, but they simplify for nets. The reference [15] provides several interesting
upper and lower bounds on A(:) based on the ¢ parameter of a net, or based
on having all &; € Zym /b™ or knowing that one or more of the one dimensional
projections of the net has ty;, = 0.

From Proposition 5.1 of [15]

bl 4 (b — 2)ll

Ty < bAE
ok 2(b— 1)l



This improves upon (8) by reducing the lead exponent of b and by applying
to all gain coefficients. We are most interested in b = 2 for which their bound
yields

Fu,k: < 2A|k\+|u\71.
Their Theorem 4.1 shows that for (¢, m, s)-nets where t{1y =+ =tg5) = 0 that
Ajg| < t when |k| > m —t. Because I'1;sx = 0 whenever |k| < m —t we then
get T, < 271"I=1 and hence T' < 204571 for Sobol’ nets.

2.5 Constructions of nets

Here we describe the algorithms to construct digital nets in base 2, following [8].
We will describe how to compute 2™ points x; € [0,1)® to m bits each. That is
enough to get points that are a (¢, m, s)-net in base 2. If one is planning to extend
the points from n = 2™ to some larger sample size n = 2™, then it is best to use
m = M. The points we generate actually belong to {0,1/n,2/n,...,(n—1)/n}*.
After scrambling, one ordinarily adds random offsets u; id U[0,1/n)® to the x;.

A digital net is defined in terms of s matrices C; € {0,1}"*™ for j =1,...,s.
For Sobol’” sequences

Lovajn vsgn 0 Umga
0 1 wgj2 o Umg2
Cj — 0 0 1 R Um, 4,3
0 0 0 xx 1
defined in terms of direction numbers vy ; that equal 0.vy j1Vk j2Vk,;3... in

their base 2 representation. Note especially that the matrix C; is upper trian-
gular and has 1s on its diagonal. Sobol’ points ordinarily have Cy = I,,,.

The digital net construction works as follows. For 0 < i < 2™ write i =
e 0271 for bits i, € {0,1}. Similarly, write z;; = >~ 2,27 ¢ for bits
Tij0 € {O, 1} Then the net xq,...,xam_1 is defined by

Tij1 11
Tijo 12

= Cj . mod 2.
Lijm Z7n

To define t we describe a process of forming new matrices by combining

some of the rows of Ci,...,Cs. Let CJ(»k) € {0,1}F*™ be the first k rows
of Cj. Then for a non-empty u = (r,72,...,7,) € lis and a vector k =
(kryy krgy .. Jfrw) € {0,1,...,m}*%, let

k1
o

(k2)
2

Cuk = T. c {071}|k|><m.

C’U;‘“I)

Tl



The t value of a digital net in base 2, constructed from C1,...,C,, is the
smallest value of ¢ such that C,,  has linearly independent rows over Z, when-
ever |k| < m —t. This value is the smallest ¢ for which the definition in
terms of F(k,c) holds. The description above applies to any binary matrices
C1,...,Cp € {0,1}™*™ not just upper triangular ones.

3 Bound on I

In this section we prove that T', 5 < 2¢F14I=1. Tt follows that T' < 2!75~1. We
make extensive use of the following elementary fact.

Proposition 1. Let A € {0,1}5*™ have rank r over Zs and let y € {0,1}.
Then the set of solutions x € {0,1}™ to Az = y mod 2 has cardinality 0 or

277L—7'

We need to keep track of the number of bits where z, 2" € [0,1) match. For
this we define

M(z,2") = max{k € Ny | [2Fz] = |2"2]} € Ng U {oc}.

Now for points that are scrambled in base 2 we get

n—1n—1

Lok = % Z Z H Niir (9)

i=0 i’=0 j€Eu
for

0, M(a:ij,aci/j) < kj
Niirg=1q—L M(zij,zi;) =k;
1, M(xijvl'i/j) > kj.

We use arrows to denote bit vectors derived from values in [0,1) or in Np.
For an integer i =y, 0271 with i, € {0,1} we write i= (i1,42, ... im)"
and for z = Y%, 2,27% we write & = (z1,22,...,2,)". In either usage, 0=
(0,0,...,0)T and there are no nonzero values in [0,1) N Ny, so the mapping to
{0,1}™ is well defined. We only need to represent the bits of 2™ integers in
Zom and 2™ of the points in [0,1). Some points in « € [0,1) have two binary
representations, such as 1/4 = 0.010000--- = 0.001111---. We use the choice
that ends in a tail of Os, via 2y = |2‘x| mod 2.

We will also need to represent some sets of integers as bit vectors. Given
aset u C lis and v C u, we let @ = @fu] € {0,1}*/ have bits 1 for indices
corresponding to elements of v and 0 for indices corresponding to elements of
uw\ v.

Arithmetic on bit vectors is done componentwise modulo 2. We write i ;
and 7 © j for the componentwise sum and difference of bit vectors.



For non-empty u = {r1,...,7),} € l:s and k € Nl)u‘ we define
Cupt1 = Cur where k;j =ky, +1for j=1,...,]ul.

Thus Cy g+1 has |u| additional rows in it beyond those in C,, . We write the
matrix with just these |u| additional rows as

Cr,(kr, +1,1)
Crp(kry +1,1)
vcu,k - .

Cral <kT\u\ +1,:)

With the above setup, we are ready to establish our bounds. Within the
proof of the next theorem we show that

2™ -1 2m 1
Y I N = D T Mo
i'=0 jEu i'=0 jEu

by symmetry and then bound that sum using Proposition 1.

Theorem 1. For integers m > 1 and s > 1, let Cy,...,Cs € {0,1}™*™ gener-
ate the digital net g, ..., xam_1 via T = Cj1 for 0 <i<2™ and j=1,...,s.
Then for nonempty u C l:s and k € N,‘Jul the gain coefficient T'y g from (9)

satisfies
Fuk = D Lo, im0 [[ Mous

1ELom JEuU
=Y #{i € Zym | Cugi =0, VCuri = dlu] }(—=1)". (10)
vCu

Proof. For any i € Zgm , there is some ¢ with ¢; € Z,x; for which z; € E(u, k, c).
Then for i’ € Zom with @, ¢ E(u, k, c) we have N; i ; = 0 for some j € u. As
a result, HjEu N; i ; = 0 unless ¢, € E(u,k,c) too. Having both points in
the same E(u, k, ) happens if and only if Cu,k; = C’u,ki_”, and so only ¢/ with
Cuﬁk(i_; S Z) = 0 have HjEu Ni,i/,j 7£ 0.

Now for x;» € E(u, k,c) it remains to find the sign of ]

case
N, = {_1’ M(xi’j’mij) = kj
R 1, M(I‘i/]‘,mij) > kj.
Suppose that N;;; = —1 for j € v C wand N;;; = 1 for j € u\ v. This
happens when and only when VC,, (7 ©7) = #[u]. Then [[,., Niir; = (—1)1*L
It follows that

jeu Ni,i’,j~ In that

JEU

2m_1
. l . 2 AN 2 A 1\l
Fyr= - Z Z#{Z € Zom | Cup(i! ©17) = 0,VCy (i © 1) = tlu] } (—1)

=0 vCu

= #{i' € Zom

vCu

Coupt =0,VC,y i’ = Tu]} (—1)I!

10



where the second step follows because i/ © 7 runs over the set {0,1}™ for any
1 € Lom. O

The next corollary is already known from the definition of (¢,m, s)-nets. We
include it to show how it follows from Theorem 1 and because we need it below.

Corollary 1. If Cy k11 has full row rank |u| + |k| for non-empty u C 1:s, then
s = 0.

Proof. When C), g4+1 has full row rank then Cu,kf = 0 and VCUJJ = [u]
has 2m—rank(Cur+1) golutions for all v € w. Now Theorem 1 yields 'y, =
2m7rank(Cuyk+1) Zvcu(_l)h}' =0. 0

Corollary 2. T, j < 2mrank(Cur),

Proof. We can rewrite equation (10) as

Ty =Y #{i€{0,1}™ | Cupi =0, VCy i = tfu] }(-1)I"

vCu

<D #{T€{0,1}™ | Cuni = 0, VCy i = T[u]}

vCu

=#{i€{0,1}™ | Curi =0}
_ 2m—rank(Cu,k).

The last step follows from Proposition 1 after noting that there is at least one
solution because 0 is a solution. O

Corollary 3. Let ¢; € [0,1)® fori € Zom be a (t,m, s)-net in base 2. Then
Fu & g 2t+\u|71.

Proof. If Cy, k+1 has full row rank then I'y, , = 0 by Corollary 1.

Suppose next that C, i has full row rank but C, g41 does not. The matrix
Cu.k+1 has |u| + |k| rows and this must be at least m —t + 1 by the definition
of t for a (t,m, s)-net. Because C,, x has full row rank we get rank(C\, ) = |k
and then by Corollary 2,

Fu,k < 2m7rank(Cu)k) _ 2mf\k| < 2t+|u\71.

The remaining case is that Cy r does not have full row rank. In that case
|k| > m —t+ 1. The matrix C, j must have a subset of m — ¢ rows defined by
Cy kr With k' < k componentwise for which Cy k' has full row rank. Then by
Corollary 2,

Ty p < 27 rank(Cur) ¢ gmrank(Cyw) — ot  ottlul=1 O

11



Sobol’ matrices are upper triangular with ones on their diagonal. Corollary 3
does not require upper triangular matrices or ones on the diagonal. Those
properties are important but their benefit comes through ¢.

The largest bounds on gain coefficients come from the case where C,, j has
full rank but C, k1 does not. Among these, the largest are the ones for large |u|.

Remark 1. The strategy above can be extended to (¢,m, s)-nets in base p for
prime numbers p to show that max, g 'y r < ptT1el=1 That will not generally
improve on the bound p*((p + 1)/(p — 1))!*! from [20]. Even for p = 3 it brings
improvements only for |u| < 2 and raises the bound for |u| > 3.

4 I is a power of 2

Here we prove that the upper bound is actually tight, so that I',,  is either 0 or
gm-—rank(Cuk) making the maximal gain a power of 2 (because it is impossible
to have every I, , = 0). We need some further notation. For w C v C 1:s and

k¢ Nloul let k + 1, be the vector k' € Ngu‘ with k; = k; + 1 for j € w and
k) = kj for j € u\ w. We then introduce a generalized gain coefficient

TY =Y 1{Cui=0}]] Noij- (11)

1€EZLom JEW

As usual, an empty product is 1. Also the matrix with all the rows of Cy, g1,
that are not in C,, g is denoted V*C,,j € {0, 1}/wIxm.

Lemma 1. If w # @ and rank(Cy k+1,,) — rank(Cy k) = [w| then Iy, = 0.

Proof. Because rank(Cy k11, ) — rank(Cy ) = |w|, the image of V¥C,, i for
i € {0,1}™ with C,, g7 = 0 has rank |w|. But V*C, xi € {0,1}/*! so the image
is the whole space. Therefore for any v C w the system of equations

Curi=0 and VYC(u,k)i = [w]

is consistent and has 2™ rak(Cuk+1u) golutions. The rest of the proof is like
that in Corollary 1. O

Lemma 2. If w # @ and rank(Cy k41, ) — rank(Cy k) < |w| then there exists

a nonempty v C w such that HjEU Noi; =1 for any i € Zom with C’uka: 0.

Proof. By hypothesis, there exist coefficients a;, for 1 < £ < k; for j € u\ w
and 1 <4 < kj + 1 for j € w with at least one aj ;41 =1 for j € w such that

kj kj+1
Z Zaj,ng(f,Z)EBZ Z aj,ng(K,:) =0 (12)
jeEu\w £=1 jEw (=1

with C;(¢,:) € {0,1}™ equal to row £ of C;.
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We will show that v = {j € w | a;x,41 = 1} satisfies the conditions of
the Lemma. To do this we choose any i € Zgom with CuJJ =0 and let € =
V¥ Cyxi € {0,1}*. Multiplying both sides of (12) by i gives

Z aj7]€j+10j(kj +1,: )ZZ Z e; =0 mod 2.

JjeEw jEV
Because the bits of € sum to zero in Zy there must be an even number of them
that equal 1. There are then an even number of j € v with Ny;; = —1 and
then HjEU NO,i,j =1. O
Theorem 2. T, i, is either O or gm—rank(Cu k)

Proof. We proceed by induction on |w| to prove that TV, € {0,2mrank(Cur)}
for all w C u. The conclusion then follows because Fg’k = Ly k-

We begin with w = @. Then from the definition (11) of generalized gain
coefficients,

—rank(C,,
Ff,k = Z 1Cu,,c?:0 H No,j = Z 1Cu,,J:0 € {Oa2m rank( ’k)}

i€Zom jew i€Zom

by Proposition 1.

Now we suppose that Iy, € {0, gm—rank(Cuk) holds whenever 0 < |w| < 7
for some r < |ul. If |w| = r and rank(Cy k+1,,) —rank(Cy k) = |w| then I'Y = 0
for w # @ by Lemma 1.

It remains to consider the case with |w| = r and rank(Cl g+1,, ) —rank(Cy k) <
|w]. In this case w is not empty and we let v be the non-empty subset of w from

Lemma 2. Then because [[;., No,ij =1
— _ _ pw\v
ve= D0 Loimo [T Noas= D 1o, im0 IT Moas=T00
1E€Lom JEW 1E€Lgm jew\v
Now |w \ v| < |w| = r so we can apply the induction hypothesis. O

Since there are only two possibilities for I'y, ; we are able to get a computa-
tionally advantageous check for which of them holds.

Corollary 4. T, = 2m30k(Cuk) if and only if > jeu Cjlk; +1,1) € {0, 1}™
is in the row space of Cy .

Proof. First suppose that Zj6u Cj(k; +1,:) is in the row space of Cy . Then
we can apply Lemma 2 with v = w = u to get that Hjeu No,i,j = 1 for any
1 € Zom with Cuykf: 0. Conversely, suppose that I', x = gm—rank(Cu,k)  Then
from details of the proof of Corollary 2,

> #{i € 0,1} | Coupi = 0,VCy gt = T[ul }(—1)"!

vCu

=3 #{i € {0,1}™ | Cui = 0,VCyri = tlul},

vCu
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which rules out having any solutions 7 € {0,1}™ to
Curi = 0,VC,y i = Uu]

for any v with an odd cardinality. Therefore ., C;(k; +1,: )i = 0 whenever
Cuxi = 0 which then implies that > jeu Cj(k; +1,1) is in the row space of
Cu k- O

5 Reduced upper bound

From Corollary 2 we have T, 5 < 2¢H1%=1. Tt follows immediately that Ty <
2tutlul=1 hecause we could have formed a net out of only x;, C [0,1)%. In
this section we show that it is possible to improve that bound.

We need to use a second notion of the ¢ parameter specific to a subset v # &
of components of x;. This notion is denoted ¢;,. We define it below side by side
with the prior ¢, to make comparisons easier. We also need a quantity ¢4 for
1 < d < s to describe the quality of projected nets. The new and old quantities
are

t=m+1— min {|k[|Cyx not of full rank },
u#to,keNl!

tg=m+1-— min {|K| | Cuk not of full rank },
w:lu|<d, keN)!

ty =m+1— min {|k|| Cyk not of full rank }, and
kel

tr=m+1-— mi‘n‘{|k\ | Cyuk not of full rank, k > 1, componentwise }.
keNy”

Because t¢;; adds constraints k; > 1 for j € u, we have t], < t,. Likewise, if
v C u, then t} adds constraints k; > 1 for j € v and k; = 0 for j € u\ v,
and we have t}, < t,. For any k that attains the minimum defined in ¢,, define

v={j€ulk;>1}and k' € Nlov‘ to be the nonzero entries of k. Then C,, j is
also C, x/ and ¢}, > t,,. Therefore

*
t, = maxt,.
vCu

From the definitions of ¢4 and ¢, we have

tqg = max t, = max maxt, = maxt,, and
w:|u|<d w:ul<d vCu lv|<d

t = max tq = maxt, = maxt,.
1<d<s u#£D VED

Theorem 3 below shows that we can replace the bound 2t»T1ul=1 by otutlul-1
It then follows that

max max I'yr < max otutlul=1 < gtatd—1,
u:|u\<dk€Ng“| w:|ul<d

For the next results we need to use the vector 1, = (1,1,...,1) € Zl.

14



Theorem 3. For any u C 1:s where Cy, 1, has full row rank,

max I'y g < otutlul=1 gnd  max max Fyw = otutlul—1

ken)"! vEU peN!

Proof. First we prove that T, < 2%t!“/=1. By the definition of ¢}, if a matrix
Cy ke with k > 1,, does not have full row rank, it must satisfy |k| > m+ 1 —¢}.
The proof in the case where C, ; has full row rank is like that in Corollary 3.
The remaining case is when C), , does not have full row rank.

Define v = {j € u | k; = 0}. Then |k|+ |v| = m — ¢}, + 1 because Cy g+1,
does not have full row rank and k + 1, > 1,. The matrix C, 11, must have
a subset of m — ¢, rows defined by C), j» with k' < k+ 1, for which Cy k' has
full row rank. Then by Corollary 2,

Fu,k < 2m—rank(Cu,k) < 2m—rank(Cu,k+1v)+\v| < 2tz+\v| < 2ti+|u\—1’

where the last inequality follows from v being a proper subset of u because k
cannot be 0.

To prove the second statement, notice that for any v C u and k € N‘Ovl such
that k£ > 1, and C, is row rank deficient, we can define K e Nloul so that
k% = kj for j € vand ki = 1 for j € u\ v. Then k' > 1, and C, ' is row rank
deficient as well because it is made of C, p with |u| — |v| extra rows. It follows
that ¢ <t + |u| — |v| and

max 'y < oty +vl=1 < otutlul=1
kenl?l

It remains to show that there exists v C v and k¥ € Nlovl such that £V > 1,
and T, o = 28+14=1 First we choose any k* that attains the minimum |k|
defined in t},. Because C,, i~ is not of full rank, its row vectors must be linearly
dependent. That is, there exist coefficients a;, € {0,1} for 1 < £ < k3 and
j € u such that

K;
Z Zaj’ng(ﬂ, :) =0 mod 2.
JEuU £=1
Define v = {j € u | ajr; = 1} and k” € N‘Ovl such that k] = kj for j € v.
Because k™ attains the smallest |k| among k > 1,, ajrr =1 for all j € u such
that k7 > 2. In other words, j € u \ v if and only if k; =1 and aj1 = 0. Hence
|k°| = |k"| — |u\ v| and

k}’—l
DGR+ 0D a.C5(8:) =0.
JjEv JjEV £=1

Corollary 4 then implies that 'y gv_1, = gm—rank(Cyvxv—1,)  Again, because
k™ attains the smallest |k|, Cy gv—1, has full row rank and rank(C, gv—1,) =
|k®| — |v| = |k*| — |u|. Therefore

FU p— 2m7rank(Cv,kv,1v) — 2m7|k*\+|u\ — 2tzy+|u\71 0
9 ) :
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Corollary 5. If there exists u C 1:s with rank(Cy 1,,) < |u| then the mazimal
gain coefficient T' = 2™. Otherwise I' = 2tis 51,

Proof. In the former case, we can choose the smallest size u whose C,, 1, is not
full rank. Then the row vectors of Cy 1, are linearly dependent, but any proper
subset of them are linearly independent. Therefore »_,., C;(1,:) = 0. We can
then apply Corollary 4 to I', o and derive I'y, o = 2™, which is the largest I'y
in view of Corollary 2.

In the latter case, the conclusion immediately follows by applying Theorem 3
to u = 1L:s. O

Example 1. Here we consider a (1,1,4)-net in base 2, known as a shift net
[24] because the columns of the first generator matrix C; are shifted to create
the other generator matrices. The top three rows of the generator matrices Cy
through Cy are

0001 /0 010\ /0100 1000
01 10),({1t1o0o0|l,{1t 00 1]and ([0 o0 11
0010/ \o1oo \1ooo 000 1

The fourth rows could be anything without changing this example. From m =
s =4and t = 1 we get a gain coefficient bound I' < 2!75~! = 16. However
t7.; = 0 for this net after observing that

00 0 1
0010
Crana =1y 1 o o
1 000

has full rank. Therefore ' = 2t1:sT5—1 = 8.

6 Discussion

Our first contribution is to tighten the bounds on I',, and hence also the
maximal gain I' = max|, ¢ Max, il Iy for digital nets in base 2 of which
the constructions of Sobol’ [28] and Niederreiter-Xing [16, 17] are the most
important. Our second contribution is to show that gain coefficients for base 2
digital nets must be either 0 or a power of 2, so the maximal correlation is a
power of 2. Finally, a consequence of our results is a more efficient algorithm
for computing gain coefficients.
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