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Abstract

This is a supplementary document containing proofs for some results in the main document. The
section numbers continue where that document left off. Some contextual material is repeated for clarity.
Also as this is a supplementary document, material that is traditionally left out as being ‘tedious algebra’
is included in full detail, making the numerous steps easier to follow and check.

10 Partially observed random effects model
The random effects model is

Yij=p+a;+bj+ey, 1,j€N (100)
for a; id Fo, b id Fy and ey id F,. independent of each other. These random variables have mean 0, variances
0?4, 0?3, U% and kurtoses k4, kg, kg, respectively. We will not need their skewnesses.

We use letters 7,7/, r, 7’ to index rows. Letters 7,7, s,s" are used for columns. In internet applications,
the actual indices may be people rating items, items being rated, cookies, URLs, IP addresses, query strings,
image identifiers and so on. We simplify the index set to N for notational convenience. One feature of these
variables is that we fully expect future data to bring hitherto unseen levels. That is why a countable index
set is appropriate.

We will want to estimate 0%, 0%, 0% and get a formula for the variance of those estimates. Many, perhaps
most, of the Y;; values are missing. Here we assume that the missingness is not informative. For further
discussion see Section 7.1 of the main document.

The variable Z;; € {0,1} takes the value 1 if Y;; is available and 0 otherwise. The total sample size is
N = Zij Z;;. We assume that 1 < N < oo. We also need N;, = Zj Z;; and N,; =Y, Z;j. The number of
unique observed rows and columns are, respectively,

REZ]'N“>O’ and CEZ]-N.]‘>0'
i J

In the sum above, only finitely many summands are nonzero. When we sum over 7,4, 7,7/, the sum is over
the set {i | N;o > 0}. Similarly sums over column indices j,j’,s,s" are over the set {j | N,; > 0}. These
ranges are what one would naturally get in a pass over data logs showing all records.

We frequently need the number of columns jointly observed in two rows such as ¢ and /. This is
> ZijZi = (ZZ7);ir. Similarly, columns j and j" are jointly observed in >, Z;; Z;j» = (Z7Z); rows.

The matrix Z encodes several different measurement regimes as special cases. These include crossed
designs, nested designs and IID sampling, as follows. A crossed design with an R x C matrix of completely
observed data can be represented via Z;; = licicrligjcc- If max; N;, = 1 and max; N,; > 1 then the
data have a nested structure, with N,; distinct rows in column j and (Z7Z2);;; = 0 for j # j'. Similarly



max; IV,; = 1 with max; IV;, > 1 yields columns nested in rows. If max; V;, = max; N,; = 1 then we have
N IID observations.
We note some identities:

ZZZT = ZijZ,; = Z 2 (101)

g
Z Nz2ZT = ZN 1ZZ]ZM = ZZ”N N.;. (102)
g 17

We need some notation for equality among index sets. The notation 1;;—,, means 1,—,1;—,. It is different
from Liijy={rs} which we also use. Additionally, 1;j,s means 1 — 1;j—ps.

11  Weighted U statistics

We will work with weighted U-statistics
1
=3 D wiZiiZiy (Yij — Yigr)?
ijj’
1
T2 > 0iZi52i(Yyy = Yirj)?, and
iji’
1
=3 > wijZij Zig (Yij — Yiry)?,
iji'5’
for weights w;, v; and w;; chosen below.

We can write U, = Y, u;N;o(N;o — 1)s?, where s2, is an unbiased estimate of 0% + 0% from within any

e

row ¢ with N;, > 2. Under our model the values in row ¢ are IID with mean p + a; and variance o’% + a%,
and so

2 k(bj + ei5)
2N 2 2\2 J v
Var(sio) - (UB + UE) (N,“ -1 + Ni. )

where k(bj + €;j) = (kpoh + kpoy) /(0% + 0%)? is the kurtosis of Y;; for the given i and any j. Thus

2(0% 4+ 0%)?  kpoy  KEpoE
Nio - ]- Nio Nio '

Var(s?,) = (103)
Inverse variance weighting then suggests that we weight s?, proportionally to a value between N;, and N;, —1.
Weighting proportional to N;, — 1 has the advantage of zeroing out rows with IV;, = 1. This consideration
motivates us to take u; = 1/N;,, and similarly v; = 1/N,;.

If U. is dominated by contributions from e;; then the observations enter symmetrically and there is no
reason to not take w;; = 1. Even if the e;; do not dominate, the statistic U, compares more data pairs than
the others. It is unlikely to be the information limiting statistic. So w;; = 1 is a reasonable default.

If the data are IID then only U, above is nonzero. This is appropriate as only the sum 0% + 0% + 0%
can be identified in that case. For data that are nested but not IID, only two of the U-statistics above are
nonzero and in that case only one of 6% and 0% can be identified separately from o%.

The U-statistics we use are then

1
Us =5 ) Nii'ZiZiy (Yij = Yiy)?

ijg’

Uy = fZN 1Z:i 2 (Yi; — Yi;)?, and (104)
1]7,’

U, == Z — Yirj)2.
’WJ

Because we only sum over ¢ with V;, > 0 and j with N,; > 0, our sums never include 0/0.



11.1 Expected U-statistics
Here we find the expected values for our three U-statistics.

Lemma 1. Under the random effects model (100), the U-statistics in (104) satisfy

E(U,) 0 N-R N-R o3
E(U) | = N-C 0 N-C o% |. (105)
E(Ue) N? =37 N; NQ_ZJ‘N.QJ' N?—-N 0%

Proof. First we note that
20%4 (1 — 1i—yr)
E((bj — bj1)?) = 205(1 = 1=j), and
205 (1 — Lizirljzjr).
Now Y;; — Yy = bj — bjs + €55 — €550, and so

ZN V245 Zii0 (20%(1 = 1j—i0) + 205 (1 — Licilj—50))
i35’

= (0% +0%) ZN YZiiZij (1 = =)

ijg’

(UB+UE ZZZJ Li=jr)

ij
= (0B +05) ) (Niw—1)
= (0% +0%)(N — R).
The same argument give E(Uy) = (6% + 0%)(N — O). O
The matrix in (105) is
0 N-R N-R
mM=| n~N-C 0 N-C|. (106)
N2_Y,NZ N?-Y,N%, N*-N

Our moment based estimates are

A124 Ua
oy | = . (107)
6% Ue

They are only well defined when M is nonsingular. The determinant of M is

— (N =R)[(N=C)(N* = N) = (N = C)(N* =Y N,

+(N=R)[(N-C)(N*=> N? l

— (N - R)[(N - C)(Z Nf,j— N)| + (N = R)[(N — C)(N? - ZN? )
= (N — R)(N — C)[N? —ZZN ZN2 + N]. ]

The first factor is positive so long as max; IV;, > 1, and the second factor requires max; N,; > 1. We
already knew that we needed these conditions in order to have all three U-statistics depend on the Y;;. It is
still of interest to know when the third factor is positive. It is sufficient that no row or column has over half
of the data.



12 The variance

From equation (107) we get

6% U,

Var | 64 | = M Var | U, | M~!
67 U,
OE e

where M is given at (106). So we need the variances and covariances of the three U statistics.
To find variances, we will work out E(U?) for our U-statistics. Those involve

E((Y;j Y;’j’) (Y;"s - }/7”5’)2)
((az —ay + b - b +eij — ei’j’)Z(ar —ap +bs — by +ers — er’s’)Z)

E
]E{((az —air)® + (b — bjr)? + (e — eirjr)?
+
X

2(ai - )( = by) +2(a; — ap)(ei; — exjr) +2(b; — by )(eij — ewjr))
(ar = ap)? + (bs — bar)? + (€rs — €rrar)?
2(a, — )(b —by) +2(ar — ar)(ers — €r5r) + 2(bs — byr)(ers — ew))]

+

This expression involves 8 indices and it has 36 terms. Some of those terms simplify due to independence
and some vanish due to zero means. To shorten some expressions we use

]BA,ii’,'rr’ = E(( )(ar - ar’))
D4 = E((a; — ai)?), and,
QAM',TT’ = E(( )2(a7‘ — Gy ) )

with mnemonics bilinear, diagonal and quartic. There are similarly defined terms for component B. For the
error term we have

BE,iji’j’,rsr/s’ = E((eij - ei’j’)(ers - er’s’))
Dg,ijiry = E((eij — erjr)?),  and,
QE,iji’j’,rsr’s’ = E((eij - ei’j’)Q(ers - er’s’)2)~
The generic contribution E((Y;; — Yirj)?(Yrs — Yivs)?) to the mean square of a U-statistic equals
Qa,iirrr + QB jjrsst + QR ijirjr rsrt s
+ DA,ii’ID)B,ss’ + DA,ii/]D)E,rs,r’s/
+ DB,jj’]D)A,rr’ + DB,jj’]DE,rs,r/s’ (108)

+DgijiiDare +Dg 0 DB ss
+ABA it BB i sst T ABA it e BE ijir i rsrst + ABB 55 BEijir g rsrrst -

The other 24 terms are zero.

12.1 Variance parts
Here we collect expressions for the quantities appearing in the generic term of our squared U-statistics.
Lemma 2. In the random effects model (100),

Baiir e = 0',24(11':7" —Lizpr — Ly=r + 1i’=r’)a

BB,jj’,ss’ = 0‘]23 (1j:s —lj—y —1j—s + 1j’:s’)7 and

2
BE,iji’j’,rsr’s’ = UE(lij:rs - lij:r/s/ - 1i’j/:rs + 1i/j’:r’s’)~



Proof. The first one follows by expanding and using E(a;a,) = 041i—,, et cetera. The other two use the
same argument. O

Lemma 3. In the random effects model (100),
Daiir =205 (1 = liz)
Dp,jjr = 205(1 — 1j=5)
Dp,ijirj = 205(1 = Lij=irj).
Proof. Take i = r and ¢ = 7’ in Lemma 2. O

Lemma 4. In the random effects model (100),
Qa,iitrrr = Ligirlpzrroy (4 + (ka +2)(Liggry + Liggray) +4 X 1{1’,1”}:{7’,7"’})
Qb jjr st = Ljzgr Loz 0 (4 + (5 +2)(Ljegs,sy + Liregs,sy) T4 1{j,j'}={s,s'})
Qpijirjr rsrst = Lijirj Lrspr 5108 (4 + (ke +2)(Lijeqrs,sy + Lijrefrs,msy) +4 X 1{ij7i’j’}:{rs7r’s’}>-

Proof. We prove the first one; the others are similar. This quantity is 0 if ¢ =4’ or r = r’. When ¢ # i’ and
r # r', there are 3 cases to consider: |[{i,i'} N {r,r'}| =0, [{i,'} N {r,7'}| =1 and [{¢,'} N {r,7'}| = 2. The
kurtosis is defined via k4 = E(a%)/c% — 3, so E(a*) = (ka + 3)0%.

For no overlap, we find

E((a1 — a2)?(as — as)?) = E((a1 — a2)?)? = 40%.
For a single overlap,

E((a1 — a2)*(a1 — a3)?) = E((af — 2a1a2 + a3)(af — 20103 + a3))
=E(a}) +30% = 0% (ka4 +6).
For a double overlap,
E((a; — a2)*) = E(af — 4aia3 + 6a%a3 — 4a3ay + a3)
= 2E(a}) + 60% = o (2k4 + 12).
As a result,

407, e,y n{r, 7"} =0,
E((ai —ai)*(ar — ar)?) = { oh(ka +6), [, i’} n{r '} =1,
o4 (264 +12), {5, i’} N {r,r"} =2,

and so E((a; — ay)*(a, — a,+)?) equals
li;éi/ 17«75,«/0'?4 (4 —+ (HA —+ 2)(1i€{r71"} —+ 1i’€{r,r’}) +4 x l{i,i’}:{nr’}) . O

12.2 Variance of U,
We will work out E(U2) and then subtract E(U,)?. First we write

1
2 —1p7-1 2 2
Uz =322 NN 23 Zij Zrs Zyor (Yig = Yi ) (Ve = Vo).
ijj’ rss’
For E(U?2) we use the special case i =4’ and r = r’ of (108),

E(Ug) = izzNilertlZijZij’erer’ |:

ijj’ rss’



Qaiirr + QB jjr ssr + QR ijijr rsrs
+ ]D)A,ii]D)B,ss’ + ]D)A,ii]D)E,rs,rs’
+ DB,jj/DA,TT + DB,jj’]D)E,rs,rs’
+DEgiji5Darr +DEiji5 DB, ssr

+ 4BA,ii,rrBB,jj’,ss’ + 4BA,ii,rrBE,ijij’,rsrs’ + 4BB,jj’755’BE,ijij’,rsrs’:|

1
=7 N;lNTiIZlZ7 "erer’ |:QB jj’,ss’ +QE1"Z"/ rsrs’
422 J =) »J3°,88 s8J8)7,TSTS

— )
v Tss Term 1 Term 2

+Dpg i DE rs,rsr +DEij i DB,ss + 4BB,jj/,ss’BE,ijij’,rsrs’}

Term 3 Term 4 Term 5

after eliminating terms that are always 0. We handle these five sums in the next subsubsections.

12.2.1 U? term 1

i Z Z N;lNT_.lZijZij/erer'QB,jj’,SS’

153’ rss’
4
_ %B SN NN Ziy Zig Zos Zr Lo Lsps
ijj’ rss’
(44 (55 + D (Ueqomry + Liregoy) +4 X 1 —(s)
4
= B N NLING 2 Zig Zes Zrr (1= 1imy)(1 = L)
ijj’ rss’

(\ié_,—"_ (KB + 2)(1j€{s,s’} + 1j’€{s,s’}) +4 x 1{j,j’}:{s,s’})-
1.1

1.2 and 1.3 1.4
Term 1 is now a sum of four terms, 1.1 through 1.4. Term 1.1 is 0% times
1
1222 NN 232 2y Zywr AL = L=y = Lamw + Ljmjrlams)

ijj’ rss’

=2 > NiN'ZiiZij ZosZre

©jj’ rss’

> N NN 2532 Z

ij rss’

~> N NN Zii Zigi Zs

ijj’ rs

+Y D NN Zi 2

ij TS
=Y (NiuNpy = Npo = Niw + 1)
= (N - R).
Term 1.2 is 0% (kp + 2)/4 times
SN NN 2421y Zs Zo (1= 1y = Lamor + Ljmjrlamer) e (a0}
ijj’ rss’

=Y NiINL 22y Zrs e (Lims o+ L= = Ljmsl =)

ijj’ rss’



- Z Z NileEIZierser’(lj:s + ]-j:s’ - ]-j:slj:s’)
©j rss’

—> N NN ZiiZiji Zesd s
ijj’ rs

+3 N NN Zi 20
3 TS

=23 (Z2Z7)ir =Y N, NZZT)ir

—2) NNZZT)iw+ Y NN NZZT )
=Y NNZZT)i+ Y NN ZZT i,
=2) (Z2Z7)ir(1 = NJHA = N

The expression Y, (ZZ7);. simplifies to > ; ij, changing it from a ‘row quantity’ to a ‘column quantity’.

But the other parts of this expression are equivalent to sums of terms such as N;,'Z;; N,; making the column
version less convenient to work with. Term 1.3 is the same as term 1.2 by symmetry of indices.
Term 1.4 is 0% times

SIS NN 2 Ziy Zes Zr (1= 1 ) (1= Lom )1y = (s}
ijj’ rss’
—1a7—1
= Z Z Ni, Nr. ZijZij’erer’ 1j7éj’1s7és’1{j,j’}:{s,s’}
ijj’ rss’
=23 N NN 2 Ziy Zrs Do L Lot L= L=
174" rss’
=2) Y NN ZijZiy ZejZeji Lz
ijj T
=2 Y NN'ZiyZiyZesZey =2y Ni'N 22,y
ijg’ T ij T
=23 NJNNZZT); -2) NN ZZT )
Summing terms 1.1 through 1.4 yields
o (V= B)? + (m5 +2) > (227)ir(1 = N = N
+23 NN 227 (227 )i - 1)).

ir

12.2.2 U? term 2

i Z Z Ni:1N7:1ZijZij'ZTSZTS’QE7ijij’,rsrs’

ijj’ rss’
4
= % Z ZNile,’:lZijZij’ZTSZTS’ 17;j7éij/1TS7frs/
ijj’ rss’
. <4 + (k5 +2)(Lijetrsrey + Lijrersrsy) +4 % 1{ij7ij'}:{7-s,rs/})
4
o e
= T ZZNZ' Nr. ZijZij/ZTSZTsllj;éj’l‘g;ésl

ijj’ rss’



+ (ke + 2)limr (Liegs,sy + 1jregs,sry) +41i:r1{jd’}={svs’}>'

2.2 and 2.3 2.4

“
~—
2.1

Term 2.1 is 0%, times

SN NN Zi Zijo ZroZeo i lspe = (N = R)?

ijj’ rss’

by the same process that evaluated term 1.1.
Term 2.2 is 04, (kg + 2)/4 times

DY NN 232y Zs Zrg L L Limr L e s,01)

©jj’ rss’
=Y N.’ZiiZijp ZisZis e oy
ijj’ ss’
S Ny BT o
ijj’ ss’
o Z Z NijQZijZij’ZisZis/15:3/1je{s,5/}
177" ss’

-2
+Y N N ZiiZij ZioZiw L jmjr Lemo Lje s,y

ijj’ ss’

which reduces to

NN NPZiZij ZisZioLje (s,

ijZ Z N2 ZijZij ZisZisLj—j e (5,50
- g: st: N;2Zi5 25 Zis Ziigr L s 1 s
T g: Z N;2ZijZij Zis ZigLj—ji 1 j—1j— g
_ Z”isjvfzijzij,ziszis,(1j_s e — 1)
li]i Y Ni2ZiiZiy ZisZig g (Ljms + Ljms = Limsljms))
B g: i N;.2ZijZij Zis ZigrLo—s Lj—s
+ % i N.2ZijZij Zis Zis Ljmjr Ljms Ljms
=2 fZ N2 Zij Zij Zis — Z N2 Zi; Zij
S
- ZUNZ-;Z@-ZU-/ + Z NZQZZ-J-

i3’

ij
=23 Ni.—R-2R+>» N.'-R+> N



=2N —4R+2) N,

=2 Ni(1-N.')?

The last expression resembles the diagonal part of term 1.2. Term 2.3 is the same is the same as term 2.2.
Term 2.4 is 0%, times

ZZN "Ny 2 Zijr Zons Zrgr Limy Lt Lot 1 jry =15,

153" rss’

This is the same sum as the coefficient in term 1.4 has except that it has the additional constraint i = r.
Imposing ¢ = r on that quantity yields

2ZN ZZT”—2ZN ZZT-—QZl—

Term 2 is thus

b ((N = R? + (55 +2) Y. Na(1 - Ny, RS DR )

7

12.2.3 U? terms 3 and 4

These terms are equal by symmetry. We evaluate term 3.

1 e
Z ZZN“ Nr.lZijZij'ZTSZTS'DB,jj/]D)E,’I‘S7TS/

ijj’ rss’
1 —1 _
=1 (Z Ni, Zz‘sz‘j’DB,jj') (Z Nr.ersZm/DE,m,m/).
i3’ rss’
Now

Y N.'ZiiZijDp =205 Y N Zi Zig (1= 1=50)

=20% > (N — 1) = 20%(N — R)
and

Z NﬁlZTSZTS/DE’TS,TSI - 2U]E Z N 1ZTSZTS - 15:5')

=20%(N — R)
by the same steps. Therefore term 3 of E(U2) equals 050%(N — R)? and the sum of terms 3 and 4 is
20%0%(N — R)?.

12.2.4 U? term 5
The term equals

—1a7—1
E E NZ'. Nr. ZijZij’erer’]BB,jj’,ss/BE,ijij’,rsrs’

ijj’ rss’

- ZZ N 1Zz]Z2]’]BB jj’,ss’ ZNEIZTSZTS/BE,ijij’,Tsrs’~

ijj’ ss’



Now

—1 1
§ Nr. ZTSZTS’BE,ijij’,Tsrs’ = UE E N erer ’Lj rs lij:rs’ - 1ij’:rs + 1ij’:rs’)
T

UENi.IZisZis’( j=s — 1j:s’ - 1j’:s + 1j’:s’)~

Term 5 is then

0% Z ZNi:2ZijZij’ZisZis’ (Ljms = Ljmer = Ljrms 4+ 1ji—g ) B jjr s

ijj’ ss’
=020 Z N ON2ZiiZij ZisZiw (Ljms — Ljmar — Ljms + 1i—y)?
= 0308 g:;: N;?ZijZij Zis Zig Ljms (Ljms — Ljmg — Lj—g + 1ji—y)
—JE;;;iZN 22i 230 Zis Zis Limy (Lims — Ljmg — Ljg + L)
— 0403 g: ;:N 22 Zij Zis Zigljrms (Lims — Ljmgr — Ljimg 4+ Ljioy)
ijj’ ss’

+ U%O’QB ZZN 2Z Z Z Z /1 j'=s' (1j:S — lj:s’ — 1j’:s + 1j’:s’)a

ijj’ ss’

which we call terms 5.1, 5.2, 5.3 and 5.4. Next we find the coefficients of 6%0% in these four terms.
For term 5.1, we get

Z ZN’LT2ZZ]ZZJ,Z’LSZZS/ 1]:5 (1j:S - 1]’:5’ — 1j/:S + 1j/:8/)

ijj’ ss’

= Z ZNi:2ZijZij'Zisl (1—1jmg — Ljmjr + 1)
ijj s’

= Z(Ni. -1

=N-R.

For term 5.2, we get

— Z Z N;2ZijZij1 Zis Zisi Lj—g (Ljms — Ljmer — Ljrms + 1ji—y)

ijj’ ss’

= — Z ZN;QZijZij’Zis(lj:s —1-— 1]'/:5 —+ 1j:j’)
ijj’ s
=N-R

as well. Terms 5.3 and 5.4 are also NV;, — 1, by the steps used for terms 5.2 and 5.1 respectively. As a result
term 5 equals 40%0% (N — R).

12.3 Combination

Combining the results of the previous sections, we have

E(U2) = oh (N — B)? + (s +2) Y (227 (1~ N1~ N,
+ QZN NN 22 (227 )iy — 1))
+ QUBUE(N — R)* +40%0%(N — R)

10



+ob((V = R+ (kg +2) ) N1 = NI 423 (1= NY).

Subtracting E(U,)? = (N — R)?(0% + 0%)? we find

Var(Us) = o (k5 +2) Y (227)i (1= NJH(L = N2 + 25 NN ZZT (227 e = D)
v (109)
+4U]230%(N—R)+04E<(HE+2)ZNZ-,(1— +2Z 1-N )

12.4 Checks

We can check some special cases of this formula.

12.4.1 Rows nested in columns

If for instance rows are nested within columns, then N = R, and all N;, = N,, = 1 and in this case U, = 0.
The above formula gives Var(U,) = 0 for this case.

12.4.2 Columns nested in rows

If columns are nested in rows, then (ZZ7);, = 1,—,.N;, and equation (109) yields

Var(Ua) = o (55 +2) > Nilicp (1 = N1 = N, +22N N iy N (Ni = 1)

i

+40%U%(N—R)+0§‘3((RE+2)ZNZ-.(1— +2Z 1-N )

= (oh(ss +2) + oh(nn +2)) S NW( = N 2ok + o) Y- N+ Aohoh(N — R)

= (reoh + ruoh) Y Na(1 = N2)? + (oh + o) Z(QNZ-.(l —NJD?42(1- NJY) + dohob(N - R)
= (kBop + KEOE) Z Nio(1 = NJY)? +2(0% +0p) ZZ(NZ-. —1) +40}0%(N - R)

= (kpoh + Kkpog) Z Ni(1 - N2+ 2(N — R)(a?;+ o2)2. (110)

i

When columns are nested in rows, then U, = Y, (N;, —1)s?, and because the rows are then independent,
U, has variance

2 K(bl + 611)
(0% N 0%)2 Z(NZ. B 1)2(]\71'. -1 + Ni. )
The kurtosis of b; + e;; is
2 2

2 2
o o
B E
KB+E = HB(ﬁ) + “E(ﬁ) :
opt+0g op+0g
Therefore for columns nested in rows
2

Var(Uy,) = (6% + 0%)? ;(2(Ni, -1+ (NZ}V; D (HB( 5 95 5 )2 + HE(O'QBJ—FQEO'%>2)>

o +og

=200 +0%)° Y (Nie — 1) + (k0% + kpok) Y Niw(1 = N1
i i
=2(N = R)(0} +0%)” + (kpog + rpog) D Nu(1— N1,
matching the expression (110) that comes from equation (109) for Var(U,).

11



12.4.3 0% =0
If 0% = 0 then Var(U,) should be the same as it is for columns nested in rows. In this case equation (109)

reduces to

Var(Ua) = U%((/@E +2 ZN“ 1 sz:l)Q +QZ(1 — N;l))
op (FLEZNz.l_ , +QZ( (1= N; )2+(1_Ni:1)>

_ (HE D NW(L = N 2N R)).

If instead we first take the columns nested in rows special case from equation (110) and then substitute

0?3 = 0, we get the same expression.

12.4.4 O‘E 0 and kg = —2
In this special case we take 0% = 0 and take b; ~ U(£1). Then 0% =1 and kg = —2. Then

Var(U, 720321\7 HZZN)0 (227 )i — —22]\7 220 (ZZT)ir — 1).

In this case

1 _
Ua =35 D N ZiiZiy (b~ by)?

1jg’
= O N 22 (8~ by 1)
155’
= N\ Zi;Zij (1 = bjbjo)
155’
—ZNZ, ZN 12, Zj:bibje

153’

and so Var(U,) = Var(U,) where U, = 3.,... N;J' Zi; Zi;:b;bjr. We easily find that

ijj
- SN 1y = 1= R
i35’
To get the variance of U, we need

E(bjbj/bsbsl) = 1j:j’ 15:5/ + 1]‘:51]'/:5/ + 1j:s’1j’:s —2 X 1j:s’1j’:s’1s:s’-

Now
= Z Z Nz:lN'r‘ilZijZij’ZTser’]E(bjbj/bsbs/)

ijj’ rss’

=3 N N'N'ZiZij Zns Dy Limjrloms

ijj’ rss’

+Y N NN ZiiZig B By L jmLj—

ijj’ rss’

+ZZN 1N 1Z Z Z Zs/lj:,s/lj/:s

ijj’ rss’

—2ZZN "N Zij Zit Zors Zysi Ljmor Ljrmgt L g

ijj’ rss’

12



=3 N NN ZiZoo+ > Y NN 255 230 2

ij rs ijil T
+ Z Z N 'N; ' Zij Zijo Zojo Zoj — 2 Z Z N;'N;'Zi; Z,;
T 7

_ZZ1+2ZZN Yzz7 W—2ZZN NZZY,
= R2 +2ZZN NZZN)0(ZZT )i — 1).

In this case we get

Var(U,) = R? + 222 (ZZ")iw(ZZ7 )i — 1) — R?

matching the result from (109).

12.4.5 Crossed design

In a crossed design N;, = C for all i and (ZZ7);, = C for all i and r. Here the variance is

Var(U,) = ok ((HB +2)3 c(1-Cc 42 Z c-HC - 1))

+ot((sp+2)> c-c! +2Z 1=C™)) +40hoR(N - R)
i (111)
= o (ks +2)C(1 - C7)2 4201 - C ))R2
+ 0% ((KE +2)C(1-C H2 21— C—l))R +40%0%(R—1)C.
12.5 Variance of U,
This case is exactly symmetric to the one above with Var(U,) given by (109). Therefore
Var(Uy) = o ((m +2)3°(272);(1 - N1 = N+ 2 NANZNZT2)56((27 2)56 — 1))
o 7 (112)

+U4E((HE+2)ZN_j(1 ,N.—jl)Q +22(1 7N.;1))'

12.6 Variance of U,
As before, we find E(U2) and then subtract E(U.)?. Now

1
Uez = Z Z z ZijZi’j’erZr’s’(}/ij - }/i/j’)2(Yrs - Yr/s/)Q-
/53" rr’ss’
From (108),
]E(Uf 4 Z Z ZZ]ZZ ]’ZTGZWS/ [QA i’ rr! +QB,]] ss’ +QE 81’ g rsr’s!
~—— o %,_/

i/ jj’ rr’ss’

Term 1 Term 2 Term 3
+ ]DA,ii’DB,ss’ + DA,ii’]D)E,rs,'r’s’ + DB,jj’DA,’rr’ + ]D)B,jj’DE,rs,r’s’
Term 4 Term 5 Term 6 Term 7
+DgijiiDarr +DEiji i DB s

Term 8 Term 9

13



+ 4BA,ii’,rr’BB,jj’,ss/ +4EA,7JZ'/,TT’BE,iji’j’,rsr’s’ +4BB,jj’,SS/BE,iji’j’,rsr’s’ .

Term 10 Term 11 Term 12

We handle the twelve sums in the next subsections.

12.6.1 U? Term 1
As before, we split term 1 into four parts.

% Z Z ZijZitj1 Zrs Zpr s Qa it vt

i’ 55" rr’ss’

1
= 1 Z Z ZijZi/j’erZr’s’11'7&1',’17"757"/0'j (4 =+ (HA 4+ 2)(11'6{7‘,7"’} + 1i'6{r,r’}) +4 % 1{i7i'}:{T,T’})

1’53 rr’ss’
4
*UAZE: 1)1 —
- 4 Zl]Zl,leT’SZ’r‘/S/(l 12:1’)(1 1r:r’)

1’57 rriss’

(<4/_/+ (’%A + 2)(11'6{7“,7”} + ]-i’e{r,r/}) +4 % 1{i,i’}:{r,r’}) .
1.1

1.2 and 1.3 1.4
For term 1.1, we have 0% times

Z Z ZijZi’j’erZr’s’(l - ]-i:i’ - ]-r:r’ + ]-i:i’]-r:r/)

i’ j5’ rr!ss’
= E ZijZi/j/ZT'SZ’I'/S/ - § E ZijZij’ZTsZT’s’ - E E ZijZi/j’erZTs’ + E E ZijZij’erZTs’
i’ 55" rr’ss’ ijj’ rr’ss’ i’ jj’ rss’ ijj’ rss’

=N NP ONZ - NEYONE 4 (3oN2) (Do)
= (V2 ZNE,)2.
Term 1.2 is 0% (k4 + 2)/4 times

Z Z Zij Zitjt Zps Lt ot (1 = Lizip — Loepr + Lizi Lpmpr ) Lig gy

i’ j5" rr’ss’

= Z Z ZijZi’j’erZr’s’(li:r + 1i:r’ - ]-i:a"]-i:r/)

i’ j5’ rr!ss’

- Z Z ZijZij’erZr’s’(li:T + 1i:7'/ - 1i:7'1i:T’)

ijj" rr’ss’

- Z ZZijZi’j’ZTser’]-i:r

@' jj’ rss’

+ Z Z ZijZij’erZTs’ 1i:r

ijj’ rss’
= § § ZijZi’j/ZisZT/s’+ E § ZijZi/j’erZis/* § § ZijZi’j/ZisZis/
i 5 v/ ss’ ii'jj rss’ ii'jj! s’
- E E ZijZij1 LisLyrsr — E E ZijLij1 LysZist + E E ZijZij1 ZisList
ijj’ r'ss’ ijj’ rss’ ijj’ ss’
- g E ZijZi’j’ZisZis’+E E ZijZij Zis Zis
ii'jj! s’ ijj’ ss'

=N?) NL+N?D N2-NY N}

14



~NY NE-NY NZ+D N
~ N> Ni+> N
=2N?Y N2 4N N3 +2> N

By symmetry of indices, term 1.3 is the same as term 1.2.
For term 1.4, we have 0% times

Z Z ZijZi’j’erZr’s’ 1i7éi’ lr;aér’l{i,i’}:{r,r’}

i’ jj’ rr’ss’

=2 Z Z ZijZi/j’erZr/s/li;éi/lr;aér/li:rli’:r’

it’j3’ rr’ss’

=2 Z ZZijZi’j’Zz‘sZi’s’li;éi’

Wi’ jj’ ss’

=2 NiuNpoNiaNiro (1 = 1izir)

- Q(ZNE,)Q —2Y NA.

Summing terms 1.1 to 1.4 gives
2
ai(N4—2NQZNl-2,+3(ZNf.) —QZN;‘;)
+a§(;@A+2)(N2ZN§, —2N2N5’,+ZN;{).

12.6.2 U? Term 2

We can use the symmetry of the roles of A and B and their indices. Therefore, term 2 is equal to
2
ol (N4 —aN?YONZ ¢ 3(2 N?j) - 22]\7@)
J J J
+oh (kg + 2)(N2 SN 2N Y N+ ZNé).
J J J

12.6.3 U? Term 3
As before, we split term 3 into four parts.

1
Z E g ZijZi'j/erZr’s’QE,iji’j’,rsr’s’

Wi’ j5" rr’ss’

1
= Z Z Z ZijZi’j’ZT’SzT’s’]-ij;ﬁi/j’17‘5#7"5’0% (4 -+ (I‘LE + 2)(1ij6{rs,r/s/} —+ 1i’j’6{7"s,7‘/s’}) —+ 4 x l{ij,i'j’}z{’!‘s,'r”s’})

ii/jj/ T"I'/SS/
4
g
= TE Z Z ZijZi’j/erZr’s’(]- - ]-ij:i’j/)(]- - ]-rs:'r’s’)

i’ 55" rr’ss’

( 4 + ('%E + 2)(1ij€{rs,r’s’} + 1i’j/€{rs,7"s’}) +4 X 1{ij,i’j/}:{rs,r’s’})-
3.1

3.2 and 3.3 3.4

15



For term 3.1, we have 0%, times

Z Z ZijZi’j’ZTsZr’s’(l - lij:i’j’ - 1rs:r’s’ + 1ij:i’j’1rszr/s’)

Wi’ 55" rr’ss’

= Z Z ZijZi’j’erZr’s’ - Z Z ZiersZr’s’ - Z ZZijZi’j/er +ZZZiers

Wi’ jg3’ rr’ss’ ij rr'ss’ ii'jj’ rs ij rs
:N4_N3_N3+N2
= N?*(N — 1)

Term 3.2 is 04, (kg + 2)/4 times

Z Z ZijZitjt Zps Lt ot (1 = Lijminyr — Lpsmprsr + Lij=irjr Lrs=rrsr ) Lijefrs,r sty

' 55" rr’ss’

= Z Z ZijZi’j’erZT’s’(lij:'r‘s + ]-ij:r’s’ - 1ij:rslij:r/s’)

i/ jj’ rr’ss’

- Z Z ZiersZr’s’(lij:Ts + 1ij:r’s’ - 1ij:rslij:7"’s’)

1 rr’ss’

- Z ZZijZi/j’erlij:rs

ii’jj’ rs
15 3) SEACRN
ij rs
— Z ZZijZi’j/Zr’s’ + Z ZZZ'J'ZWJ"ZTS - Z Zij 2y
ii’jj’ r's’ w'jy’ s Wiy
S IDILILNED 5 SIS 9P
i s ij rs j
— Z ZijZilj/ + ZZij
i’ jj’ iJ
= N3+ N® - N2
—~N?-N?4N
—~N?4+N
= 2N3 —4N? + 2N
=2N(N —1)%

By symmetry of indices, term 3.3 is the same as term 3.2.
For term 3.4, we have o}, times

Z Z ZijZi’j’erZr’s/]-ij#i’j’1rs7$r’s’]-{ij,i/j’}:{rs,r’s’}

i’ 35" rr’ss’

= 2 Z Z ZijZi'j/ZT'SZT"S'1ij7ﬁi’j’17'8;&7"8/1ij:7'51i'j':T"s/

i’ 55" rr’ss’

@il jj’
= 2N(N —1).

Summing terms 3.1 to 3.4, we get

oEN(N = D)[N(N = 1)+ 2] + o5(kg + 2)N(N — 1)%
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12.6.4 U? Term 4

1
Z Z Z ZijZi’j’ZTsZr’s’DA,ii’DB,ss’

' j5’ rriss’

= i(z ZijZi’j/DA,ii’) ( Z erZr/s/DB,ss/>.

57’ rr!/ss’
The first factor is
2
E ZijZijiDa i =207 E ZijZinyr (1 = Lizir)
ii'55 il 55"

= 205(N* =Y Zi; Ziy)

ijg’

=205(N? =) N}).
i
By the same argument, the second factor is

Z ZTSZT’S’DB,SS’ = 20'23(]\[2 - Z N?s)’

rr/ss’

and so term 4 is

4oL (N? — § N2)(N? - § NZ).
i J
12.6.5 U2 Term 5

1
1 Z Z ZijZi’j’Z7'sZr’s/DA,ii’DE,rs,'r/s’

Wi’ 55" rr’ss’

= i(z ZijZi/j’]DA,ii’> ( Z erZr's'DE,T”/S/).

53’ rr/ss’

The first factor is computed in the previous section. The second factor is

Z ZpsZip1 s D psprst = 20'%] Z ZysZiprgr (1 = 1pgmprsr)

=205(N* =) Z.)
=20LN(N —1).

Thus, term 5 is

0A0EN(N = 1)(N* = > N7).

12.6.6 U2 Term 6

By symmetry of indices, this is the same as Term 4:

oA (N? =) NL(N? =) N2,
i j

17



12.6.7 U? Term 7

This is like term 5 with factors A and B interchanged. Thus, term 7 is equal to

oBouN(N — 1)(N? = > N2).
J

12.6.8 U? Term 8

By symmetry of indices, this is the same as term 5:

oAoEN(N = 1)(N? =Y " N2).

12.6.9 U? Term 9

By symmetry of indices, this is the same as term 7:

oBopN(N — 1)(N? = > " N2).
J
12.6.10 U? Term 10

g E 25211 Zvs vt s BA it et BB 1 ssr

i’ 55" rr’ss’

= 0'124ng Z Z ZijZi/j’erZr/s/(li:r - li:r’ - 1i’:r + 1i’:r’) (1]':3 - 1j:s’ - lj’:S + 1j/:s’)

i/ j5' s’
=o%0% Z Z ZijZ1j1 Zns Zprgr (Lizpljms — Licpljmg — Lizp Lj—s + Lizp Lji—y
g —Llimp ljms + Licp Ljm + Licpr Ljrms — Lizpr L
S TP RIS PP TRVRNIS PG DO PP IV
+ lirmpr Ljms = lirmpr Ljmgr — Lirmr L + Lo Lj—gr)

= 0%40h ( Z Z ZijZirjr Liyr st — Z Z Zij Ly LisLprj — Z Z Zij Lt g1 Lijr Lyr gt + Z Z Zij Lirj1 Lis Lt i

i35 s ii’ji' r's ii/55" s ii’jj’ r's

- E E Zij Zirj1 Zrj Zisr + E E 2 Zitj1 Zrs + E E 235 Zitj1 Lt Lisr — E E Zii Zitj1 Zrs Zijr
ii’j§’ rs’ ii’jj! s ii’jj’ s’ i’ s
i’ ji s ii’jj’ r's ii’jj s ii’jj’ r's

+ E E Zj L1 Ly L gt — g E Zij g1 Lrs Lyt j — E E L g1 Lpjr Lip o1 + E E ZijZi/j’er)
Wi’ jj" rs’ iw'jjl rs ' jj’ rs’ ii'jj’ rs

= 0202 (N3 ~ NS ZyNiNy = N> NNy Ziy + 3 N2NZ,
i ij’ ig’
— NZ ZijNoj Ny + N3+ ZN.Qj/NZ»Q. — NZN.j’Ni.Zij'

ij
~ N> NyNvZij+ Y NI NZL+N =N ZijyNiN
i'j i'j

i/j/

+ > NENE = N3 NyNeZis = NS ZuyNoy Noeo + N?)
i’j i'j i'5!

= 40%0% (N3 —2N Y ZiiNiuNyj + Y NﬁN?j).
ij ij
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12.6.11 U? Term 11

E § ZijZi’j’erZ’r"s’]BA,ii/,'rr’BE,iji’j’,rs’r’s’

i’ 35’ rr’ss’
2 2 § : 2
= O0/70R ZijZi/j’ZT‘sZ'r/s’ (11‘:7. — 1i=7" — 1i/=7" —+ 1i’=7") (Llj:rs — 12] gl — 1 §'=rs -+ 11’_7’—7“’3’)
' 55’ rr’ss’
= 01240%? E E ZijZi’j’erZ'r’s’ (L,'j:rs - 1i:r1ij:r/s/ - 1i:r1i/j’:rs + 1i:r1i/j’:r/5/
i'j3" rr'ss’
I - 1i:r/1ij:rs + ]-ij:r’s/ + ]-i:r’]-i’j/:rs - ]-i:T’li’j’:r’s/
- 1i’:r1ij:rs + 111’:7’11']':1”/5/ + 11’1/:1”9 - 11'/:r11’j’:r s’
+ 1i’:r’1ij:rs - 1i’:r’1ij:r’s’ - 12’—T’1 j'=rs + 1 j'=r's’ )

= 0,240?5( Z Z Lij Lt j1 Lyr g — Z Z Lij Ly j1 Lig — Z Z Zij Lijr Lpr g + Z Z VAR VAP

i’ g5 s i'jj s ijg s’ ii'jj s
- E g Zij Ly Zis + E E Zij Ly Zrs + g E ZijZyj Zis — E E ZijZijr Zys
T ii'jj s ii'jj s ijj’ s
- E E ZijLijr L st + E E ZijZirji Lirs + E E ZijLirj Ly st — E E ZijZirj Zis
ijg’ s i'jj s Wi jg s’ ii'jj s
+ E g ZijZij Zirsr — E E ZijZij Lrs — E E ZijZirj1 Zirsr + E E Zij Zitj1 Zys)
55" s’ ijj’ s i’ 55" s’ W' jj’ rs
= 0'1240'%(2 E E ZijZi'j’ZT’s’ —2 E E Z Z Z /g +2 E E ZJ’ZTS 2 E E Z Z Z
i’ 55" r's’ ijj’ r's’ ii'jj’ rs ijj’ s

= 0505 (AN? —4N Y N}

12.6.12 U2 Term 12

We can use the symmetry with term 11, interchanging rows columns. Thus, term 12 is

opoy(AN® — AN N2,
J

12.7 Combination

Summing up the results of the previous twelve sections, we have

]E(Uj):ajtht%jN?ZN?ma (Z ) 2042 Lok (k4 + 2) (sz 2NZN§_+ZN;{)
+ob Nt — 205N 3 NZ 4 30% (Z N?j) — 204, Z 4 ob(kp +2) (N2 Z Ny NE Y

J J J J
+04E(N4 — 2N + 3N? sz) tob(ke + 2NN — 1)? + 0203(N Z N2 -3 NZ)
+ 04045 N(N Z )+ 040 (N Z 272
+ 0404 N(N Z )+ o404 N(N Z )+ o%05N(N Z
+ 40%0% (N3 —2N Y ZiiNiuNoj+ Y Nf_ij) +40%0%(N* = N> N.) +0pop(4N® —4N > N2
ij ij i j

Then, we have

Var(U,) = E(U?) — E(U,)?

19
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=E(UZ) — o4 (N? —ZN?.) —op(N? _Z‘N?j)z —op(N? = N)?
—20%0%(N Z N? - ZN.Q —20%0%5N(N Z

— 20505 N (N Z
— 204 (Y 82) —QGAZ Lol (ka +2) (NQZNQ —QNZ Z L)
raoh(SoNz) —QUBZ S+ oh(ks +2) (NZZNQ QNZ —|—2ij)
J J
4204 (N2 = N) + oh(kp + 2)N(N — 1)% + 40203 <N3 —N Y ZyNuNy+ > N}‘,N?j)
iJ (%)
+40%0%(N* = N> N.) +0pop(4N® —4N > N2
i J
Next, we simplify the form of this expression. The coefficient of (k4 + 2)0% is

N2Y NL—2N> Ni+> N, ZN2N Ni.)?

and similarly for that of (kp + 2)o%. The coefficient of (kg + 2)03 is N(N — 1)2. The remaining multiple

of o4 is
2(( N2 - DONL)

and similarly for 0. The remaining multiple of o4, is 2N(N — 1). The coefficient of 0% 0% is

4(N3-2N> ZiiN;,N,; + Y N2ZNZ2)=4Y (N:N?% —2NZ;;N;,N,; + N?Z;;
J J e~ "e] 10" 0] J J J
iJ ij iJ

because N2 > Zij = N3. Therefore the coefficient of 040% is

42 Ni.N,; — NZ;)%
Applying these simplifications

Var (U, —20A((Z )2—ZN{4.)+203((Z )Q—ZN4A)—|—20‘,§N(N—1)

+ (kA +2 O‘AZN2 N = Ni)? + (kp + 2 O‘BZN2 (N = N,;)? + (kg +2)opN(N — 1)

+ 40403, Z(Ni,zv,j — NZi)? + 40505 N (N? = Y N72) + d0opN(N? = Y N2
a9 ,L ]
(113)

The coefficient of 040% is a measure of how close to a regular R x C grid the data are.

12.8 Check
12.8.1 04 =0%=0

If 0% = 0% =0 then Y;; are IID with variance 0% and kurtosis £z. Then

1
Ue=35 3 (Yiy = Yiy)? = NV = 1)s?

iji'j’
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where s, is the usual sample standard deviation applied to all NV of the Y;;. Thus

Var(U,) = o, N2(N — 1) (% + W) = 0L (2N2(N = 1) + ke N(N —1)2).

Substituting 04 = 0% = 0 in Var(U,) from Section 12.7 yields
205(N? = N) + og(kg +2)N(N — 1) = 2N?(N — 1)of, + N(N — 1)?kpoy
which matches the formula. Equation (113) becomes
Var(U,) = 205 N(N — 1) + (kg + 2)o 5 N(N — 1)?
which also matches.

12.8.2 IID sampling

If max; N;, = max; N,; = 1, then the observations are IID with variance 02 = 0% + 0% + 0% and kurtosis

/anj + 530% + REU%J
Ry = 1 .
Ty
Now U, is N(N — 1) times the sample standard deviation of all N observations. Thus

Var(U,) = 2N?(N — 1)oy + N(N — 1)*ky 0y
=2N?3(N —1)(c% + of + 0% + 20%0% + 20%0% + 20%50%) (114)
+ N(N — 1)* (ka0 + kpoh + kpoy).

In this case, the formula gives
2aj(ZNi) —ZUAZ Lt o (ka +2) (NQZ —2N Y ONL+ YN
+20§(ZN3) - 2032 Lo (kg + 2) (NZZM oN SN, +ZN,4].)
J J J
+ 204 (N? = N) + ob (k5 + 2)N(N — 1)% + 4040 (N3 NN ZyNuNy+ > NiN?j)

+40%0%(N® = N> N.) + 0hop(4N? —4N Y N?
i J

If we set all positive NV;, = 1 and all positive N,; = 1 then ), N7 = N because there are now R = N rows
in the data. Similarly N3 and N4 sum to N and these powers of N.J also sum to N. Next Z ZiiNie N,
>_i; Zij = N. The most subtle of these sums is 3, N2 N2 diil= N? because the 1nd1ces run over all i
with V;, > 0 and all j with N,; > 0.
Making these substitutions we get
Var(U,) = 204 N? — 204 N + 0% (ka + 2)(N® —2N? + N)
+205N? — 204N + og(kp + 2)(N3 —2N? + N)
+205(N? = N) + 0%(kp 4+ 2)N(N —1)? + 40% 0% (N3 — 2N? + N?)
+40%0%(N? — N?) + 0%0%(4N3 — 4N?)
=20%(N? = N+ N(N —1)?)
+205(N* = N+ N(N —1)?)
+205(N(N = 1) + N(N — 1)) + 40305 N*(N — 1)
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+ 40305 N?*(N — 1) + 40305 N?(N — 1)

+ N(N —1)*(kac%, + kpoh + ko)
=2N*(N —1)(c4 + o5 + o)

+4N?*(N — )(JAJB—i—JAUE—i—UAJ%)

+ N(N — 1)} (ka0 + kpoy + kpoy)

which matches equation (114).
Equation (113) gives

Var(U, _20—A((Z )Z—ZN;‘;)HJB((Z )2_2 4_)+2a;§N(N—1)

KA+2UAZN2 N —N;,)? EB+2UBZN2 N = N,;)?+ (kg + 2)0 s N(N — 1)

+ 40403, Z(Ni,N.j — NZi)? + 40505 N (N? = Y N2) + doopN(N? = Y N?
— - -

=20%(N? = N) +20%(N? = N) + 205N (N — 1)
+ (kA +2)0 NN = 1)> + (kp + 2)05N(N — 1)?> + (kp + 2)op N(N — 1)2
+ 40505 N*(N — 1)? + 4040 N(N? — N) + 40%05N(N? — N).
12.8.3 1IID sampling again
If max; N;, = 1 and 0% = 0, then once again the observations are IID and
Var(U,) = 2N?(N — 1)oy + N(N — 1)*ky 0y
=2N?%(N —1)(c%, + o} + 0% + 20%40% + 20%40% + 20%0%)
+ N(N —1)* (ka0 + kpos + kpoy)
=2N*(N —1)(0%y + 0% +2040%) + N(N — 1)?(kaohy + kpop). (115)

The formula gives

Var(U, —zaA(Z ) QGAZ Ly oh (k4 +2) <N22 2NZN§,+ZN§,)
+2a4B(ZN?j) —2UBZ ok (kp +2) (NQZ QNZNf’j—i-Zij)
J J J

4204 (N? = N) + oh(kp + 2)N(N — 1)% + 40303 (N3 —oNY ZyNuN + S N;{N?j)
ij

iJ

+ 40404 (N NZ ) + 0hon(AN? —4N Y " NZ,
J
:204A(ZN2-2.) —QO'AZ Lo (k4 + 2) (NQZ —2NZN§;+ZN§,)
+204E(N2—N)+0E(/<E+2)N(N—1) +40%0%(N* = N Y N;.

=204 N? — 204N + 0% (ka +2)(N® —2N? + N)
+205(N? = N) + ob(kg + 2)N(N — 1)% + 46305 (N® — N?)
=2N%*(N = 1)(c% + 0} +20%0%) + N(N — 1)?(kac’y + ko),

matching (115).
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13 Covariance of U, and U,

We use the formula Cov(U,, Uy) = E(U,Us)

—E(U,)E(Uy), so we just need to compute E(U,Uy). Using our
preferred normalization,

1 —
UaUp = 5 (D Nia' Zi; Zij (Vi = Yigr)*) QNG ZraZrs(Yos = Yrs)?)

157’ rr’'s
1
= 12D Nu'NG 22y 2 o (Yig = Y 2 (Yo = Yiva)?
ijj’ rr's
Then,
E(U,Up) = ZZN "N ZiiZiji Zes Zors (Qpijigr s
ijj’ rr’s _—

Term 1
+ DB,jj’DA,M’/ + DB,jj’DE,rs,r/s + ]D)E,ij,ij’DA,rr/) .

Term 2 Term 3 Term 4

We consider each term separately.

13.1 U,U, Term 1

% Z Z NN ZiiZijo Zovs Zor s Qi s s

ijj’ rr’s
4
g _ _
= TE Z Z: NZ'. 1N.31ZijZij’erZr/slij;éij’ 17"8757“’3
ijj’ rr's
(4 + (K)E + 2)(1ij€{7"s,7“’s} =+ 1ij/6{7”8,7"’$}) +4 x 1{ij,ij’}={7“s,r’s}>

_ % ZZN N Zij Zijo Zps Zgr L jpjo L gy

ijj’ rr's

(¢+ (HE + 2)(1ij6{rs,r’s} + 1ij’€{rs,r’s}) +4 x 1{ij,ij’}:{rs,r’s}) .
1.1

1.2 and 1.3 1.4
For 1.1, we have

ob Y Y Ni'NL ZijZiy ZrsZors e Lrpes

ijj’ rr's
= o ZN 12 Zij (1= 1i=3)) O NG ZpsZoro(1 = 1))
53’ rr's

o (O N =D N.'Zy) (Y Nee— > NG Z0s)
i tj s TS
=op(N - R)(N —C).
For 1.2, we have o4 (kp + 2)/4 times

Z Z Nz:lN._leijZij’erZT’s1]'75]” 1r757"’ 1ij€{rs,r’s}

ijj’ rr’s

—2ZZN NG 23 Zijt Zons Zor s ooy Lie

ijj’ rr's

=23 >N NN ZijZijo Zor 1o Liere

ijj’ v

23



=23 N NN ZiZij Zorj(1 = 1j—jo — Licgr + Lj—jLimy)

ijj !
—9 Z N Zij Zijo — 2 Z Z N 'N;'Zij 2 — 2 Z N'N' Zij Zijr + 2 Z N;'N;' Z;
i35’ ij v i35’ ij

=2Y Zy-2> N;.'Zy;—-2> N'Zijj+2> N.,'N;'Z;
ij i ij i

=2 Z;(1-NH(1-N;.
ij

Term 1.3 is the same as 1.2 by symmetry of indices.
For 1.4, we have

O8> Y NN Zi Zije Zrs Zyr Vo Lt Lijagry=(rsrsy = 0,

ijj’ rr’s

since the last indicator implies 7 = ¢ and r’ = ¢ but the second one is P
Summing up, term 1 is equal to

oh(N = R)(N = C) +oh(ke +2) Y Zi;(1— N, (1 - N

— °J
=op(N = R)(N = C) +op(ke + ;j)(N ~R—-C+Y N'NJ'Zj).
ij
13.2 U,U, Term 2
i Z Z N'NJ'Zi; 21y 2,05 205D j D a v
ijj’ s
= iz Z/Nz:lN:slZijZij’erZr’SQO'ng(l —1j=)20%4(1 = 1)
= 0124:?322 N ZijZij (1= 1250)) (O N Zes Zyro(1 = 1,—p))
ijg’ rr's

= 0405 _Nie =Y N..'Zij) (O Nus = > N'Z.)
% 17 s rs
=0303(N - R)(N - C).

13.3 U,U, Term 3

1 1A
4 YD Ni'NG'ZiiZij 21 2o DB i D rsrs

ijj’ rr's

1
=3 SN ONING 253 Zijo Zs 2 208 (1 = 1j—30)205(1 — L)
35" rr's

=o%05(N —R)(N - O)

using the previous section.

13.4 U,U, Term 4

1 11
ZZZNio Ny ZijZijr Zys Zp sDp i35/ DA rr

ijj’ rr's
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=3 ZZN N1 23 Zijr Zps Zor 20%(1 = 1j=5)204 (1 — 1y

ij3’ rr's
=0%0p5(N—R)(N-0)

using the previous section.

13.5 Combination
Adding up the four terms, we have
E(UUp) = 0k(N — R) (N = C) + oy(kp +2) Y Zij(1— N, )(1 - N1
]
+ 0405 (N —R)(N = C) + 0}05(N — R)(N — C) + 0%0%(N — R) (N - O),

and so

Cov(Ua, Up) = E(UUy) — E(U,)E(Uy)
=E(UUp) — (0% + 012;)(0',24 +op)(N = R)(N - C)

=oh(kp +2) ZZZ] D= NZh.

Notice that Cov(U,, Uy) = 0 when 0% = 0. This can be verified by noting that when ¢% = 0 then U, is
a function only of a; while Uy is a function only of b;. Therefore U, and U are independent when a% =0.
14 Covariance of U, and U,

We use the formula Cov(U,,U,) = E(U,U,) — E(U,)E(U,), so we just need to compute E(U,U.). First,

(ZN Y2 Ziy 2)(2 ZysZyrs (Vrs = Yrrr)?)

37’ rr/ss’

1
=12 D Ni'ZijZij ZrsZrw (Yig = Yigr)* (Yo = Yoo,

ijj" rr’ss’
Then,
E(UGU Z Z N 1szZU’Zr€Zr/s/(QB jg’,ss’ +QE ,igij’ rsr’s’ +DB Jg’]D)A rr! +DB ]j/DE rs,r’s’
ijg’ rr’ss’ v
Term 1 Term 2 Term 3 Term 4
+ DE,ij,ij’]D)A,rr’ +DE,ij,ij’DB,ss’ +4BB,jj’,SS’BE,ijij’,rsr’s’ )
Term 5 Term 6 Term 7
We consider each term separately.
14.1 U,U, Term 1
72 Z N 23 Ziji Zors Zor 9 Qi i s
ijj’ rr’ss’
1 _
= 12 Y N By iy ZeiZori Ly e oh (At (55 £ D (Weto) + Lretawt) F4 5% Ligi—(en) )
ijj’ rriss’ 1.1 1.2 and 1.3 1.4

Term 1.1 is equal to o} times

SN N 2 Zij Zrs B g L

ijj’ rr’ss’
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= (Y N2 Zig (L= L)) (D ZroZoror (1= 1izyr))

ijj’ rr’ss’

= (DS N = DN Z) (N2 = 3 2 70)
i ij rr's
= (N - R)(N? =Y NZ).
Term 1.2 is equal to o5 (kp + 2)/4 times

Z Z NijlzijZij/erZr’s’ 1]?3]/ 1S7£Sl1j6{s,sl}

135" rr’ss’

= QZ Z NijlzijZij'erZT’S’ljij’157’55'1j25

ijj’ rr’ss’

=23 NN ZijZijy Zrj Zrro (1= Ljjr)(1 = 1—)

=2 iz N 235235 2y Znss =2 Y N Zij Zei D
S 2SSt
= 2N§£NEIZMZU'ZM —2N Z”ZT;VZIZMZM
- 2% iNi.lN.jzijZijlzrj + ;ZTZ N'N.;Zi; Z;
ijgjl v P

- 2 -1 2
=2N Y ZiN,—2NY N 'ZijN,j =23 ZyNZL+2) N'Zi;NZ,
1] iJ 17 1]
- —1pr2
=2 Zij(NNyj — NN 'No; = N + N 'NZ)
ij

=23 Zij(N = Ny)Noj(1 = N.1).

1
ij
Term 1.3 is equal to term 1.2 by symmetry of indices.
Term 1.4 is equal to o} times

DD Nt ZijZiy ZesZorsr Lt Lot L gy ={s.)

ijj’ rr'ss’

-1
=23 "N N ' ZijZiy ZrsZrr o Vi laper L j—sljima

ij3’ rr’ss’

= 222 N;lZijZij'erZr’j’(l - 1j:j’)

ijj’ rr!
1 1
= QZNi. ZijZijr NejNejr — QZZNZ-. ZijZyjZyij
153’ ij  rr’

2
=23 N (DD ZuNy) -2 N ZNE.
i j ij
Summing the four terms, we find that term 1 is equal to
2
op(N —R)(N? - ZN27) +20% (Z Nt (Z ZijN,j) - ZNz:lzijN?j)
J i J ij

+ob(kp+2) Y Zij(N — Noj)Ny; (1 — N1

e
j
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14.2 U,U, Term 2

iz Z NijlZijZij'ZTSZT’S’QE7ijij',TST/5/

ijj" rr’ss’

1 _
B ZZ Y Ni'ZijZiy ZrsZovs Ly Lrsprs O

ijj3’ rr’ss’

( 4 + (I{E + 2)(12']'6{7“8,7"/3/} + ]-ij’e{rs,r’s’}) +4 x 1{ij,ij’}={rs,7"’s’})'
2.1

2.2 and 2.3 2.4

For 2.1, we get o}, times

Z Z NijlzijZij’erZ'r’s’ 1j7$j/]-rs;£7"s’

ijg’ rr'ss’

= N(N —1ZN1ZZ — 1)

ijj’
=NV =13 Niw = > N Zi5)
i ij
= N(N —1)(N — R).
For 2.2, we get 0% (kg + 2)/4 times

Z Z N 24521 Zys Zor g Lt Lo st Lije (rs v sty

ijj" rr’ss’

=2 Z Z N;lZijZij’erZr’s’]-j;ﬁj’lrs;ér’s’ ]-ij:rs

33" rr’ss’

= QZZN Y 2457351 Zyr (1= 1jmj ) (1 = Lijmprsr)
ijj’ r's’

=23 N N ZiiZiy Zyrs (1= Ljmjr = Ligmprsr + Ly Lijmyrsr)
ijj’ s’

- QNZNZ. 2N > N, Z;; —2ZN 'ZiiZiy +2) N\ Zi;

ij ijg’ ij
=2N?2 - 2NR—2N + 2R

=2(N - R)(N —1).

Term 2.3 is the same as 2.2 by symmetry of indices.
For term 2.4, we get o, times

1
Z Z N Z Z Z Zr’s’lj#j’17‘3757"’5’1{ij,ij’}:{rs,r’s’}

ijj’ rr’ss’
=2 Z Z Nz:lzijZij’erZr’s’1j7£j’]~rs;£r’s’ 1ij:rs lij’:r’s’
135" rr'ss’
—1
=23 N.'ZijZiylizy
i3’
=2) Ni—-2> N.'Zj
= 2(N - R).

Adding up the four terms, we find that term 2 equals

oEN(N —1)(N — R) +205(N — R) + op(kp +2)(N — R)(N — 1).
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14.3 U,U, Term 3

iz > N'ZiiZij ZysZrr oD D a e

ijj’ rr'ss’

1
=12 D Ni'ZijZiji 2 2 205(1 = 1= )205 (1 = 1y=rv)

ijj’ rr!ss’

7O—AO—B ZN 1Zl]Zl] Z ZTS‘ZT‘/S/ —-1,= r’))
153’ rr’ss’

(- z VL) (VY 2

= O‘AO’B N R Z

14.4 U,U. Term 4

72 Z N 2250 25 Zr gD i Dp s orsr

ijj’ rr'ss’

1
= Z Z Z NZ-:IZijZij/ZTSZTISIQO'QB(l - 1]’:]'/)20'%(1 - 17«:74 15:5/)

ijj’ rr’ss’

= O'QBCT% (Z N;lZwZZJ/(l - ]'j:j,))( Z ZTSZT"S’(l — ]-r:r’]-s:s’))

ijg’ rr’ss’

=0p0%(N - R)(N* =) Z,)

= 0305 (N — R)(N? = N).
14.5 U,U, Term 5
1
ZZ Z N; ' Zij Ziji Zys Zr s D ijyi D a g
ijj’ rr’ss’

72 > N ZiiZij Zes Zrr o 205(1 = 1j=5)205 (1 = 1p—p)

ijj’ rr’ss’

= O'AO'E Z 1Z1]Zz] 1]:]/))< Z erZrlsl(l —_ 17‘:7“'))

135’ rriss’
= UAO'E N R E

using the result for term 3.

14.6 U,U, Term 6

1 —1
ZZ Z Ni. ZijZij’erZr/s’]D)E,ij,ij’DB,ss’

ijg’ rr'ss’

1
= Z Z Z N;lzijZij/ZTSZr/s/QO'QE(l — 1j:j/)20123(1 — ].S:s/)

©j7’ rr’ss’
=o0%0% ZN Y25 Zij (1= 1j=3)) (D ZysZprar (1 = Lozsr))
ij7’ rr/ss’

28



=030%(N = R)(N* =Y Z, Zs)

rr’'s

:(71230]23 N — R Z
14.7 U, U, Term 7

-1
E E N;, ZijZ;ji Zrs Zr BB jj s BEijijr rsrs

ijj’ rr'ss’

=3 N ZijZiy ZriZrrw 0B (Ljme — Ljme — Ljrms + 1ji—y)

135" rr’ss’
E(Lijmrs — Lijmprsr — 1y 1
Op\lij=rs ij=r's’ ij'=rs + ij'=r's’
2 2 —1
=0p0g E E Nz’- ZijZl'j/ZTSZr's'( 1ij:rs - 1j:51ij:'r’s’ - 1j:slij’:7“s + 1j:slij':’r’s’
ijj’ rr’ss’

- lj:s’lij:rs + lij:r/s/ + 1j:s’1ij’:rs - 1j:s’1ij’:r’s’
—ly=slij=ps + 1j=slij=ps + Lijrmps — Lyr=slijimpr s
+ 1j’:s’1ij:rs - 1j’:s’1ij:r’s’ -1 "—s’lij’—rs + 1ij’—7‘ s’ )

= O%U%(ZzNijlzijZij’Zr’s’ — ZZNz:lzijZij’er - ZZN 1Z Z ’ gt —|—ZZN 1ZijZij’ZTj

NZZ N2 Ziy Zy fzz N ZijZij Zys +”ZS Z N ZijZiy ZT:-jf Z S N2y 2,
- i Z N ZijZg + Z%N L Zi Zijs Zir + Zmzzvi.lzijzij,gr,s, - ZSJZ;V“IZMZWZW
+ Zj: Z N;lzijzijfzwjiji Z > N ZijZes — z”: Z N\ Zi; Ziy Zorjr + XJE Z N 2432y 2,
o (VY NS 2 O NoZy) o v
ijj’

=40305N (D> Ni— > 1)

g

= 40505 N(N — R).

14.8 Combination

We add up the seven terms, replacing some N,, and N,, expressions by equivalents using N;, and N,;,
getting

E(UU.) = ok (N = R)(N? = 3O NZ) + 204 (SN (D0 ZijN.j)2 — > NZiNE)
+ob(kp+2)Y  Zij(N — Noy)Nj(1 - N1
+oEN(N — 1)(N ~R)+205(N —R) +o5(kg +2)(N — R)(N — 1)
+0%0%(N — R)(N? - Z N2)+ o405 (N — R)(N? — N)

—l—aAaEN R)( Z +UBJEN R)( Z

+40%05N(N — R).
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Now

E(UE(U.) = (N = R)(o% + 03) (3(N? = 3O N2) + 03 (N2 = 3 N2) + 0B (N = N))

which contains terms equalling several of those in E(U,U,) above. Subtracting those term from E(U,U.)
yields

2
Cov(U, Ue) = 208 (3N (30 ZiNg) = DN 2N

+ob(kp+2)>  Zij(N = Ny)N,;(1- N1
ij

+205(N — R) + o5(kp +2)(N — R)(N — 1)

+40%05N(N — R).

15 Covariance of U, and U,

By interchanging the roles of the rows and columns in Cov(U,, U, ), we find that

Cov(Up, U,) = 20% (Z N (Z zijNi,>2 - ZN.—jlzijNi)
j i ij

+0h(ka+2)Y  Zij(N = Ni)Nio(1 = N;1)

oj
ij

+205(N = C) + op(kp +2)(N — C)(N — 1)

+40%04N(N - O).

16 Asymptotic approximation: proof of Theorem 4.2
We suppose that the following inequalities all hold

Ni SG]\[7 N,jgeN, R§€N, C’éeN,
N<ed N, N<e) N2, > N7 <eN?, and > NZ <eN?
% J 7 J

for the same small € > 0. The first six inequalities are assumed in the theorem statement. The last two
follow from the first two. We also assume that

0<m<ra+2,kp+2kE+20% 05 05 << oo.
Note that we can bound 040%, 040%, and 040% away from 0 and oo uniformly with those other quantities
after replacing m by min(m, m?) and m by max (7, m?).
We also suppose that

Z ZiiNIN,; < EZN;{, and Z ZiiNi.N,;* < eZN?j. (116)
ij % 1] J

The bounds in (116) seem reasonable but it appears that they cannot be derived from the first eight bounds
above.
We begin with the coefficient of o%(kp + 2) in Var(U,) from equation (12). It is

Z(ZZT)ir(l - Nz‘:l - Nﬁl + Nilegl) = ZN-zj - QZZisz:lN-j + ZZijNileril
J ij ij

ir
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ZN2 14+ 0(e

The third, fourth and fifth terms in Var(U,) are all O(e). The second term contains

ZN NZZN)i0(ZZT )i — ZN (ZZ"),

= Z N Zij 2

irj
=Y ZyN;,'N,
ij
= O(e).
It follows that Var(U,) = o5 (kg + 2) >0 N2 (14 O(e)). Similarly Var(U,) = oh(ka+2)>, N2(1+ O(e)).
The expression for Var(U,) contains terms o (ka+2)N? Y-, N2 +op(kp+2)N? Y, N7,. All other terms
are O(€) times these two, mostly through N < 37, N2, 37, NZ; < N?. The coefficient of 6% 0% contains

N ZijNi.N.; <eN>> " Z;jN;, = eN* Y N},
ij ij i

so it is of smaller order than the lead term, as well as
2 2 2 2
E N E N <eN E N
i j i

As a result
Var(U,) = (aﬁl(m +2N2Y N 4 ok (kp + 2N Ni)u +0(e)).

Turning to the covariances

Cov(Ua, Uy) = oh(kp +2) Y Zij(1— N;,;' = N+ NN
j
=oh(kp +2)(N — R—C+ O(R))
=oh(kp +2)N(1+O(e)).
Next Cov(U,, U,) contains the term UB(KB +2)N 3, ZijNyy = ob(kp+2)N >-; NZ;. The terms appearing
after that one are O(N?) = O(eN Y. N, NG 2). The largest term preceding it is dommated by

>N (Z Z,»jN.J)? <eN) N (Z Z,-jN,j) (Z Zij) — Ny N?
i J i j J 7
It follows that Cov(Us,Ue) = oh(kp + 2)N 3 ; NZ(1 + O(e)) and similarly, Cov(Uy,Ue) = o%(ka +

2)N 3% Ni.(1+ 0(e)).
Next, using (19)

(Va;ége) n Va;\gga) B 200V(]€;,Ue))(1 +0()

=04 (kA +2) )52 ZN2 1+ 0(e)), and similarly

Var(6%)

Var(6%) = (KB+2N2ZN2 (1+0(e)).

The last variance is

Var(U, Var(U, Var(U,
ot (B )

2 2 2
— 55 CoV(Ua, U.) = 25Cov(Us, Ue) + 5 Cov (U, Ub)) (14 0(e))
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— ot (s + 2)%(1 +0(e)).

Next we verify that these variance estimates are asymptotically uncorrelated. Ignoring the 1 + O(e)
factors we have

1 1 1 1
Cov(6%,6%) = mVar(Ue) - ﬁCov(Ub, U.) — FCOV(UG, U.) + WCOV(UG, Up)

1
im(ai(ﬁAﬂ-Q Z N2 +od(kp +2) Z 2.)

1
N2 /QA+2 E — I£3+2 E IQE+2)
1 4
= NO-E(HE+2)

which is O(e) times Var(6%) and Var(6%). Likewise

1 1 1 1
mVar(Ue) — ﬁVar(Ua) — —QCOV(UM Up) + fgCov(Ua, U.)

2 1 1
£U4B(/£B—|—2)ﬁ§ N?j+aj‘z‘(/m+2)ﬁ§ Ni—( (ka+2) E 2 +on(kp+2) E )m
j 5

1
Cov(63,6%) = WCOV(UG, Ue) + WCOV(UZ,, Ue) —

1 1
—op(kp + Z)W Z N2 —og(ke + 2)N
J
1
N
which is much smaller than Var(6%). Similarly Cov(6%,6%) = —ox(kg + 2)/N, is much smaller than
Var(6%).

= —op(ke +2)

17 Estimating Kurtoses

To estimate the kurtoses k4, kg and kg in the above variance expressions, it suffices to estimate fourth
central moments such as p4 4 = 0% (k4 + 3) and similarly defined pp 4 and pg 4. Given 6%, 6%, and 6%, we
can do this via GMM. Consider the following estimating equations and their expectations,

1
Wa =5 Z ~—ZijZij' (Y Yij’)4

2 &=~ N;
ijj’
1 1 A
Wy =53 ~—Zi5Zu;(Yig = Yiry)
2 iij N
Z ZiiZinjr (Yij — Yirj)*
55’

Using previous results,

1 1
E(W.) = 5 Z NT.Ziqu'E[(Ej —Yi)*)

=5 Z ZUZWE (bj — bjr +€ij — eij’)4)

ijj’

1
T2 > ﬁZijZij/E((bj = b))t 4 6(b; — bjr)*(es — eijr)® + (es — eqjr)?)
igg

== Z e ZijZij (2up.a + 60% + 240505 + 2up.4 + 60g) (1 — =)
i35’
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72 1] z] H:B4+3O'B+120'BO'E+ME4+30'E)( 1]:j/)

1jj’

= Z kp +2)0s 4+ 308 + 12050% + (kg + 2)oy + 30}49) (N;, — 1)

= (N —-R) (,uB,4 +30% +120%50% + upa + 304E).
By symmetry,
E(W,) = (N — C)(pau+ 30% +120%0% + pip.a + 30%).

Next
1
E(We) = 5 Z Z”Z,LI]/E(<1/;J _ Y;’j')4)
w'jj’
1
= 5 Z ZijZi/j/E((a,i —a; + bj _ bj’ + €ij — ei’j’)4)
i35
1
T2 Z Zi; ZiyE((ai — ai)* + 6(a; — ai)*(bj — bjr)® + 6(a; — a)?(ei; — exj)? + (b — by)*
i

+6(b; — by)*(ei; — ewrr)? + (es; — eayr)?)

1
5 Z ZijZi/j/ ((2[1,,474 + 60?4)(1 — li:i/) + 2401240%3(1 — ]-i:i’)(]- — 1j:j/) + 240’%0%(1 — 11'21'/)

i’

+ (2upa+60%) (1 — 1) + 2405051 — Lj—j) + (2upa + 60g) (1 — Limy1,_ )
= (naa +30% +12050%) > Zij Zirjs (1 = Lizr) + (uBa + 30% + 12050%) > Zij Ziryr (1= 1j=51)

7‘1/]]/ ’Li/jjl
=+ (,UE,4 + 30’%) Z Z”szj/(l — li:i/lj:j’) —+ 120’%0’23 Z ZZJZZ’j/(l — li:i’ — 1j:j/ —+ 12‘:1'/ 1j:j/)
ii'jj' i’ jj’
= (naa +30% +120508)(N? = Zi; Zijp) + (npa+ 30 + 12050%)(N? =~ Zi;Z1))
i3’ i’
+ (tpa +30p)N(N — 1) + 12050 5(N* =Y ZijZij — > Zij Zirj + N)
157’ Wi’ j
= (pas +30% +120%0%)(N Z N2)+ (1B + 305 + 120503)(N? = Y " N?

+ (tpa +30p)N(N — 1) + 120505 (N* = > N}, Z NZ 4+ N).

These expectations are all linear in the fourth moments. Therefore, given estimates of 02, 0%, and 0%,
we can solve another three-by-three system of equations to get estimates of the fourth moments.
Letting M be the matrix in equation (106) we find that

E(W,) HA4 3(N — R)ok +12(N — R)o%0% + 3(N — R)o%,
EWy) | =M | upa | + | 3(N = C)o’y + 12(N — C)o%0% + 3(N — C)og,y
E(We) HE.4 H
where
H = (306" + 120%02)(N Z + (30 + 120%0%)(N? = Y N?

+30EN(N = 1)+ 120503(N* = Y N, Z NZ +N).

For plug-in method of moment estimators we replace expected W-statistics by their sample quantities,
replace the variance components by their estimates and solve the matrix equation getting fis 4 et cetera.
Then s4 = [LAA/OA'i — 3 and so on.
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18 Best linear predictor

Here we predict consider linear predicton of Y;;. We begin with predictions of the form Yij = Yij N\ =
er ArsZrsYrs. Then we consider predictions of a reduced form that consider only the totals in row 4, in
row j and in the whole data set.

18.1 Proof of Lemma 5.1
Let Y/” = er Zij/\in;'j and L = E((}/” — }A/l])2) Then

2 ~
L= /f(l -y )\TSZTS) + Var(Yi;) + Var(Vi;) — 2Cov(Vi;, Vij).

First Var(Y;;) = 0% + 0% + 0%. Next

COV(Y;']', )A/”) = Z )\rser (0',24]-1':1” + U2Blj:s + 0%11':7"1]':3)

TSs

= 0124 Z )\isZis —+ O'QB Z Aerrj -+ O'%)\%Zij7
s T

and finally
Var ZZ ArsAprst Ly Lyt gt (UAlr T+ UBls s+ UElr r Ls=sgr )
=04 Y Meshvs ZesZrs + 05 D ArshirsZrsDyrs + 0% Z A7
Thus

2
L:M2(1—Z)\TSZTS) —l—ai—i—o%—&—a%

+0A D Ashis ZosZs + 08 Y MesApsZrsZws + 0%, Z A7

rss’ rsr!

— 2(UA Z)\iSZis + 0% Z ArjZrj + O'E)\ijZij).
s T

Now suppose that we consider the loss L = E((( + a; + b;) — Yi;)?). To do so we replace Var(Y;;) and
Cov(Y3;, f’”) above by Var(a; + b;) and Cov(a; + b, Vi ;) respectively, yielding

~ 2
I= u2(1 _ Z)‘“Z’“S) + 0%+ 0%

+ UA Z )\rs)\rs’erer’ + UB Z )\rs)\r serZr s+ UE Z )\rSZ’r’S

rss’ rsr!

_ 2(0A Z)‘iSZiS + O'B Z )\TjZ’I”j)'

18.2 Stationary conditions

The partial derivative of L with respect to A\qrgr is
2,[12 (1 _ Z AT‘SZTS> (—ZT‘//S//) —+ 20’%)\T//S//ZTHSH
s

+ 0'124 Z ZTSZTS/(/\TS’1TS=T”S” + >\rslrs’=r”s”)

rss’
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+ 0-23 Z ZTSZT/S()\T/S ]‘TS:T,,S,, + AT‘S ]_T/SZT.//S//)

rsr!

- 20—124 Z Zislis:r”s” - 2023 Z er 1,,7 —ptl gl
s T
After taking account of the indicator functions we get
2Z7.//s//< (1 —ZAr5Z75) +0'E>\,//s// +UAZZT//5/)‘7’/5’ +UBZZ7/S//>\II§//

— UiZiS”li:T/’ — UzBZT’”j]-j—S”> .

We can replace Z;41;,—.» by 1;—,.» because of the leading factor Z,. 4. This and a corresponding change to
the coefficient of 0% yield

2ZTNS//( (1 — Z)‘TGZTS) + UEAT‘”G” + O'A ZZT// ’)\T”G' + O'B ZZT/‘?”AT‘/S” — UA]~Z e O'Bl S”) .

The simplified expression no longer requires the double primes and so we find that the partial derivative of
L with respect to A, is

2Z’I‘S( (Z )\T/S'Z’I"S' - 1) +UE)\TS +UAZZTS’)\TS +UBZZT s)\rs UAlz T 031] s)

r's’

18.3 Proof of Lemma 5.2

Here we consider R
Yij = MoYee + AoYie + N Y55

=Y ZoYes, Y=Y ZiYi, and Y=Y 7Y

The mean squared error is L = E((Y;; — Yi;)?). Expanding it we get

where

L=p*(1= (AN + ANiw + )\bN,j))2 + Var(Yi;) + A3 Var(Y,,) + A2Var(Y;,) + Aj Var(Y.)
— 2X0Cov(Y;;,Y..) — 2X,Cov(Yi;, Vi,) — 2)\bCov(Yw,Y )
+ 2207, Cov (Y., Y:.) + 200\ Cov(Y.., Y.;) + 20, A Cov(Yi,, Yy ).

As before Var(Y;;) = 04 + 0% + 0%. We set about finding the other terms.

First
Var(Y, —O’AZ +O’BZ +U%N,
Var(Y;,) = UAN»2 + O'BNi. + O'ENZ'., and
Var(Y,;) = 04 N,; + 05 N7 + o5 N.;.
Second

Cov(Yij,Y..) = 04 Nie + 05Ny + 0575,
COV(}/;j, Y;-) = 0124Ni. + UzBZij -+ UzEZij, and
Cov(Yij, Yej) = 04Zi; + 05 Noj + 05 Zij.

The remaining terms use somewhat longer arguments.

COV(}/in K-) = Z ZT‘SZis/COV(YTSa }/is/)

rss’
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Z ZTsZis’ (]-i:ro'x%x + 15:3’02B + ]-i:r]-s:s’a%)

rss’

0—124Ni2- + ‘7123 Z ZisNes + U%Ni., and then

Cov(Y.;,Y..) = 0% Z ZujNyo + 05 N2 + 03N,

by symmetry. Finally

Cov(Yie, Yej) = Y ZisZyjCov(Yis, Yrj)

Ts

= ZiZrj (03 izr + 0B lj—s + 0B Licy 1)

= 0124 Z ZisZij + 0'23 Z ZijZTj + O'QEZij
= Zij (0'124Ni, + O'QBN.]‘ =+ 0'2E>
Combining these pieces we find that
L=p2(1= AN = ANiy — MN,)* + 0% + 0% + 0% + A%(oiZNf. +03 3> N2+ azEN)
+ X2 (AN + 0B Niw + 0EN ) + X (AN + 0B N2 + aEN.; )
2 2 2 2 2 2 2 2 2
— 2o (O’AN,'. +opN.j + GEZij> — 2\, (O'ANi. +opZij + UEZij) —2Xp (O'Aij +opN,j + UEZij)
+2X0Aq (o,%NQ +oh Z ZisNus + aEN@.) + 220 (aA Z ZpjNyo + 0B N2 + oEN.g)

+ 20\ Zis (aANi, +Oo3N,; + aE).

Now suppose we consider instead L = E((u + a; + b; — Yi;)?). Then we must replace Var(Y;;) by
Var(p + a; + bj) = 0% + 0% and remove the 0% 7;; terms from the covariances with Y;;. The result is

L= (1= XN = ANiy — MoNL;)° + 02 + 0% + A2 (0,24 szz, +03 Y N2+ a%N)
42 (Uz,zvg + oL Ni + U%Ni.) A2 (aa,zv +oLNZ + UEN,J)
— 2)\0 (JiNi, + J2BN-j) — 2)\a (UiNi. + U%Zij) — 2)\5 (UzAZij + UzBN,j)
+ 220 (aiN?, + o2, Z ZisN.s + a?EN,».) + 220 (ai N ZiiNyu + 03N + O—EN.])

+ 2NN Zi (O’ANZ. +o%LN,; + U%).

18.4 Proof of Theorem 5.1

From the result of Lemma 5.2, we see that Lis quadratic in \. Since L is bounded below by 0, it follows
that L attains its minimum on R?, which would be any solution of the stationarity condition VL = 0. We
find the components of this gradient.

;aiOL N2 (AN + AaNiu + 2oNoj = 1) + do (0% ZNE. +0% Z .+ 0EN) = (05N + 0B N,;)

+>\a(0124N2 +UBZZZSN°S +JEN“> JF)\b(O'AZZMNr. +JBN2 +UEN'])
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1 ~
5 ai = Nist2 (Mol + AaNie + MN.; — 1) + Ag (ﬁNf, oL NG+ a%Ni.) - (ﬁNi, n a?gzi,-)

+ Ao <0A L+ OB Z ZisNes + O'EN“) + M2y (O’AN“ + GBN,] + 0E> and

10 -
§aTL Noit2 (Mol + AaNiw + AN, — 1) + A (ajN +0LN2 + aEN.J) (oizij + U%N.j)

+ o (o—A ZZWNT, + 0L N + JEN,]) + NoZij (JANZ, + LN, + a%).

We write this as

H)\ =c¢
where
N‘LL2+0'124NL'. +UQBN.] N Nl- No_] ,LLQ
c= | Nyp? + 04 N;u + JJZBZM = | Nie Nio Zy o3
N,ju? + 04 Zij + 05N, Ny Zij oj o

and H is a symmetric matrix with upper triangle

Hyy Hiyp His
H=| % Hy H
* * H33

with elements
Hy = p>N? + 02 Z N2 + 0% Y NZ +0gN
S

Hyy = 2NN, + UAN2 +0% > ZisNeo+ 0B Nia

S

Hyg = p’NN,j + 03 Z3iNeo + 05 N2 + 05N,

Hyy = p? N2 + 04 N2 + 05N,y + 05N,
Hys = p?NiuN,j + 03 Zi;Nis + 05 Zi;Noj + 0% 7;5, and
Hsy = > N2+ 03 N.; + 05 N7 + ofN.;.

Using Tj, = >, ZisNes and T, = > Z,; N, some of these simplify:
_ 2 2 A2 2 2
His = p”NN;, + o3 N;, + opTis + opNi,, and
His = p>?NN,; + 03 T.; + opNZ + o N.;.

18.5 Proof of Theorem 5.2
To begin with, we note that N,; =3 Z,; <>, Np.Z,; < eN. We write

A Hzs  —His\ (a
Ab det H \—Hz1 Hp cs /)’

Then

det ff)\s = H3301 — H1303
= Noj(*Noj + 054 + 05N, +0g)(Np? + N,jog)
- (/~L2NN + JAZZTJNro +UBN2 +UEN-J)N-J'(F‘2 +U%)

— 2 (uQNN?j + 04NN, + 05 NN2 + 03 NN.,; — ji2NN2 — 0% N, Z Z,i Ny — 0% N3, — 06BN, )
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n a?g( N 4+ AN + 05 NE + 05N2 — i2NN2 — 04N, Z ZyiNyu — 05 N2 — 0BN, )
= 2 (af,NN,j + 03NN + 04NN, ; — 63N, Z ZyiNyu — 0% N3, — 03N, )

+ 02 2N3 2 2 2 28 )

o3 +04NZ — W’NNZ — 04N Y Z,i N,

= 12 (4NN + 0ENN. = 03N Y ZoNew = 0ENZ)

+ 023 (O%N?J - 0—124N0j Z erNr.)
= p2(0% + o) NN (1 +O(e)).

and

det FI)\Z = H1163 — H3161
—<u2N2+aiZ +oBZ \ + oBEN)NL (12 + o)

— (3NN, + o2 Z ZyjNro + 0B NZ + 05 NL;)(Np? + N, jog)
= p? (:U'2N2N°j +0ANG Y NL 4+ 0Ny Y NI+ 05NN,
[2N2N,; — 64N Z:TZMNT, - G%N]\j?j - U?ENN,J-)
+0oj (M2N2N°j +04N,; Z N7, + 0B N, Z NZ +0p NN,
WNN2 - Z ZyjNyu — 05N, %N?j)
— 2 (aiN,j STNZ 4+ 03N, Z — 03N Z Z, Ny — U%NN?J.)
+ 0% (MQN;N —|—0AN.jZ +UBN.jZ .+ 0ENN,;

NN = 03Ny S 2Ny, — 03NS, — aEN?j)

= 123NN, (1 +0(0)).
Thus \ ) )
0_0atog
— = —-=5—"=(14+0(¢)).
Next
detf] = H11H33 — H123

— (;ﬂN? + 033 N2 403> N+ U?EN) ( N2 + 04 N2 + 04N, + U%N,j)

2
- <M2NN +UAZNT,ZTJ + 03N, +aEN,])

~ NN (142 + 03) — (42NN, )2
= u*N2N? j o
As aresult the prediction for a new row in a large column is essentially that column average plus O(1/N,;)

times the global average.
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18.6 Special case N;, =0 and N,; =1

Now suppose that we have no data in the target row and exactly one older observation in the target column.
Let i’ be the single row with Z;;; = 1. There are enough large rows and columns that the usual conditions
N < Y, N2 < N? hold but there are also some lightly observed rows and columns. Then

2
_ (N o 1\ [h Nu? + 0%
c= 0a | = 2 2 )
1 0 1 5 uwe+op
OB

and
Hy = p’N?+03) NZ +0% > N2 +opN
H13 = /,LzNN.] + 0'124 ZerNT- + UzBanj + O-%N'j
= 1®N + 04Ny, + 0% + 0%, and
Hyz = p* N2+ 04N, + 05 NG + 0f N,
:u2+0124+0%+0%.
Then

NY_ 1 (Hsy —Hyz\ (Np*+o%
Ab Hy1Hs3 — Hi \—Hiz  Hu p+o% )

The determinant is
2
(,uQN2 + 03 Z N2 + 0% Z NZ + J%N) (/12 + 0% + 0% + J%) — (/,LQN + 04 Ni. + 05 + U%)

& M2N2<M2 + 0%+ 0% + 0]23) — u*N?
= p’N*(04 + 05 +0%).
The numerator for Aj is
Hy(Np? +0%) — His(p® + o)
~ (1 + 0%+ 0f + o) Nu? — (1PN) (1 + o)
= (04 +op)Nu?,
and so
oL dhtoh
0" No2 403402
Similarly, the numerator for A; is
— Hi3g(Np? + 0%) + Hu(4* + o)
~ —(WN)Np® + > N?(1® + o)
— 120 N?
and so

2
9B

2 2 2"
04 t+og+og

*

Ab

Q

In this case, the prediction for Yj; is
oBY.; + (04 +05)Y ..
0124 + 0123 + J% ’
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19 Asymptotic weights: proof of Theorem 5.3

Here we have

1< N <eN, 1< N, <eN, Ni, < €N,
N.; < eNZ, N < eN?, > N2 <eN?
> NZ <eN?, > N..Z,; <eNN,;, and > N..Zis < eNN,..

The first five follow easily from 1 < 1/e < N,.,N,; < eN. The last four follow from the others. For
instance Y N2 < > N, (eN) = eN? and > N,.Z;j <>, Zyj(eN) = eN,;N. We also have 0 < m <
w2 0%, 0%,0%5 < M < oco.

Then
W>N? W2NN;, M2NN.j
H= | p?NN;,, (p? —|—UA)N2 2N N,; (1+0(e))

W2 NN,; W2 NioN,; (,u + O’B)N2

and using symbolic computation (via Wolfram|Alpha, September 6, 2015)
u2<ai+o%>+oia% -1 -1

04052 N? 04NN o%N,;N

-1 1
-1 _
H ' = 70?4Ni,N 70124]\712. 0 (14 0O(e)).
-1 0 1
oL N, N opNZ

The determinant of H~' is (05054 N2ZNZN?) "1 (1 + O(e)), so we need N;, > 1 and N,; > 1 to make
matrix inversion a continuous operation. Similarly
Nu?
c= | Ni(n?+0%) | (1+0(e)).
Nj(1? + o)
Thus ignoring the O(e) terms

2/ 2 2 2 9

.. (B (oa +op)tohop 2 1 2 2 1 2 2

%= ( )0 = (o )N (o) Ve

0 2oL N? o\ (1" +24) INLN (1" + o)
_pohtop)todolr pP+oh pPtog

o4oEN o4 N B o5 N
P04 +op) +odoh  ploy +olioh  plol +ojog
n O’AUBN B O’AJ%N B UAU%N
_ 1
-5

The end result —1/N is of the same order of magnitude as the original terms. Therefore \§ = (—1/N)(1 +
O(e)). Similarly

1 1 12 42 + o 1
)\* R 2 7Nio 2 2 — _ A —
T TENN O EnE MR o) = e TN T W
and 1
o=
b N ’

and both of these approximations involve multiplication by 1 + O(e). In this limit then
Vij =Yis(14+0(€) + Y. ;(1+0(e) = Y. (1 4 O(e))

which make intuitive sense as (fi + ;) + (i + b;) —
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20 Smoothing predictors

In some cases we may want a better estimate of E(Y;;) than Y;; itself is. Such a predictor could take the
form

Vi =Yi;(A) = Xo Z ZysYrs + Ao Z ZisYis + b Z ZriYrj + AavZiYij. (117)

It puts either extra or reduced weight on Y;; itself, depending on the sign of Ay,. This predictor is only
useful when Z;; = 1, so it does not apply in the new row or new column cases either. It is only nontrivial

when our goal is to estimate p+ a; + b;, not Y;; itself. So we only consider L= E((Yj — o — a; — bj)?) here.
Lemma 5. The MSE for the linear predictor (117) is
L= 12(1 = AN = AaNiu — MN.j)° + 02 + 0% + A2 (aji S ONZ 403> N+ O'QEN)

+ A2 (GANE + 0B N + 0B N ) + N (05N + 0B N2, + 0B, )

— 2o (0124Ni. + J%N.j) — 2, (0124Ni. + U%Zij) —2)p (UZZij + U2BN,j)

+ 22070 (FANE + 08 Y ZisNuy + 05N + 2000 (05 D Zej Now + 03N + 0EN.,)

+ 207 (o*iNi. +oLN,; + a;g).
Proof. This problem only arises when Z;; = 1, which we assume for the rest of this section. Then

E((Yij — (1 + a; +6;))%) = B((Yij + AapYij — (1 + ai +))?)
= L+ ALE(Y) + 20 E(Yi; Vi) — 20 E(Yi; (1 + ai +b;))-

Now E(Yi; (1t + a; + b;)) = 2 + 02 + 0% and E(Vi;Yi;) = p2(NXo + NisAa + Nojhy) + Cov(Yij, Vij) for

Cov(Yij, Vi) = Cov(Yij, AoYae + AaYia + ApY2))
= )\0 (0'124N2‘, + O'QBN.j + U%Zij) + >\a (O’iN,j, + O'QBZij + U%Zij) + )\b(UiZij + UzBN,j + O'2EZ1']')
= )\0(0'124N2‘, + O'QBN.j + 0'%) + )\a(U?ANi- + O'QBZij + O'QE) + )\b(of\Zij + O'2BN.j + 0'%),

since we assume that Z;; = 1. Therefore E((Y;; — i — a; — bj)?) equals
P21 = AN = XaNiw — MoNL;) + 0% + 0% + A2 (03, SN2 103 Y N+ U%EN)
+ X2 (AN + 0B Niw + 0N ) + 23 (AN + 0B NZ + 0B, )
— 2 (UiNi, + a}@N,j) — 2\, (aiNi, + a?g) — 2\ (aji + U%N,j)
+2X0) (aIiNE. +0% > ZisNus + a?;Ni.) + 220y (aji > Z,iNy + 0B NE + U%N.j)
+ 220 (A Nis + 0N + 0% ) + A4 (14% + 0% + o + o)
+ 2 ()\0 (JiNi, + CT%N.]' + 02E) + Ao (criNi, + 0123 + J%) + Xy (O’i + (T%;N,j + 0%))
— 2 (12 + 04 4+ 05) + 262 Xap (N Ao + Nisha + NojAp).

Gathering up the coefficient of u? we get

12 (1= XN = AaNiw — MoNoj — Aap)” + 0% + 0% + A2 (aji SONZ 403 Y N2+ U%N>
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+ 32 (oAN2 + 0B N + 0N ) + X (03N, + 0BNZ + 0EN.; )
— 2\ (0124]\71. + UQBN.j) — 2, (CTE\Ni. + 023> —2Xp (0124 + O’%N,])
+ 2020 (GANE + 08 Y ZisNuy + 05N + 2000 (05 D Zej Ny + 0B N2 + 0% N.,)
+2Xa N (aiNi. +oLN,; + o%) + 02, (02 + 0% + 02)
+ 22 (AO (02 Nis + 05N + 02) + A (03 N1 + 0% + 0%) + Ay (02 + 0B N, + ag))
— 2\ (0% + 0%).

Half of the derivative of this squared error with respect to Ay is

Aap(p? + 0% +0F +0%)
+ o (0124Ni. + %N, + a%) + Aa (UiNi. + 0%+ O’%) + X (0?4 + %N, + U%)
—u? =04 — %+ (NXo + Nisha + Noj o).
We see that given the other A choices, this derivative is decreasing at 0 (hence we favor positive self-weight)
if
pr4oi+op > Ao (Np2+05Nie+05 N, j+0%) + A0 (Niup? + 04 Nie+054+05) + X (N> +0%4 +05 N, j+03).
Furthermore, the optimal self-weight, given the other \’s is

1
p2+ 0% 4+ 0% +o%

X (u2 +o04+ 05— Xo(Np? + 04N, + o5 N,; +0%)
— A (Ni,uz + O’?qu, + U% + U%) — )\b(N,jMQ + 0124 + J%N,j + O’%)).

O

The point of this predictor is that we might expect another observation to be made later in row ¢ and
column j. Then estimating p + a; + b; is a better way to predict than repeating the earlier Y;;. To use
Lemma 5 after a second pass, one can compute L as the given quadratic function in the four variables Ag,
Aas Ap and Agp. The minimizer of that quadratic gives weights to apply in prediction. When ¢% is very small
then Y;; is already close to u + a; 4+ b; and placing special weight on Y;; will be advantageous.
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