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Abstract: The Benjamini-Hochberg (BH) procedure remains widely pop-
ular despite having limited theoretical guarantees in the commonly en-
countered scenario of correlated test statistics. Of particular concern is the
possibility that the method could exhibit bursty behavior, meaning that it
might typically yield no false discoveries while occasionally yielding both
a large number of false discoveries and a false discovery proportion (FDP)
that far exceeds its own well controlled mean. In this paper, we investi-
gate which test statistic correlation structures lead to bursty behavior and
which ones lead to well controlled FDPs. To this end, we develop a central
limit theorem for the FDP in a multiple testing setup where the test statis-
tic correlations can be either short-range or long-range as well as either
weak or strong. The theorem and our simulations from a data-driven fac-
tor model suggest that the BH procedure exhibits severe burstiness when
the test statistics have many strong, long-range correlations, but does not
otherwise.
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1. Introduction

The Benjamini-Hochberg (BH) procedure is a widely used method for bal-
ancing Type I and Type II errors when testing many hypotheses simultaneously.
The procedure is designed to control the False Discovery Rate (FDR), which is
the expected value of the proportion of discoveries that are false (FDP), below a
user specified threshold (Benjamini and Hochberg (1995)). The procedure was
originally shown to guarantee FDR control when the test statistics are assumed
to be independent, an assumption unlikely to hold in most application settings.
The BH procedure was later proven in Benjamini and Yekutieli (2001) to control
FDR when there are dependent test statistics satisfying the Positive Regression
Dependency (PRDS) property. While PRDS is quite restrictive (for example,
it does not hold for two-sided hypothesis tests when the test statistics are cor-
related or when there are negatively correlated test statistics (Fithian and Lei
(2020))), under more general conditions simulation studies have found BH to
conservatively control FDR (Farcomeni (2006), Kim and van de Wiel (2008)).
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While FDR control is important, the motivation for this paper is our concern
that FDR control alone can give investigators who use BH false confidence in
a low prevalence of false discoveries among their rejected hypothesis. This can
happen if the distribution of the FDP has both a wide right tail and a mean that
is still below the user specified threshold. As an example, it would be worrisome
in the plausible scenario that an investigator is led to believe that roughly 10
percent of their discoveries are false, when in fact, a majority of them are false.
To address such concerns, a number of multiple testing procedures have been
proposed to control the tail probability that the FDP exceeds a user specified
threshold (Korn et al. (2004), Romano and Shaikh (2006), Romano and Wolf
(2007)). Efron (2007) also raised concerns about high variability of FDP due
to correlations of the test statistics and proposed an empirical Bayes approach
for estimating a dispersion parameter of the test statistics and controlling FDR
conditionally on the dispersion parameter. Despite the promise of these methods,
the BH procedure remains overwhelmingly popular and the default method of
choice for investigators with multiple testing problems. It is therefore important
to determine under which conditions are we assured that the distribution of
the FDP will be well concentrated about its mean, the FDR, and under which
conditions there is a risk that the distribution of the FDP has a wide right tail.
Throughout this text we will refer to the former scenario with low variability
of the FDP about its mean as the non-bursty regime, and the alarming, latter
scenario where occasionally the FDP is much larger than expected as the bursty
regime.

The aim of this paper is to understand when burstiness is a concern for BH.
We identify dependency structures among test statistics that in conjunction
with certain proportions of nonnulls make BH prone to delivering bursts of false
discoveries. We find other settings where such bursts must be rare. Our results
are asymptotic and hold in a two-group mixture model previously studied by
Genovese and Wasserman (2004), Delattre and Roquain (2016) and Izmirlian
(2020). In that model, independent Bern(m) variables define which hypotheses
are nonnull, the null p-values have the Unif(0,1) distribution and the nonnull
p-values have some other distribution in common.

The BH procedure and the asymptotic distribution of the FDP is well stud-
ied for the setting where the test statistics are independent. Finner and Roters
(2001, 2002) study properties of the number of false discoveries under indepen-
dence both when there are no nonnulls and when the tests of nonnull hypotheses
always have p-values of 0. Using an empirical process approach which we build
upon, the limiting distribution of the FDP has been studied by Genovese and
Wasserman (2004) under independence of the test statistics and was further ex-
tended in Farcomeni (2007) to the setting where the sequence of p-values is sta-
tionary and satisfies some mixing conditions. However, these asymptotic FDP
distributions are derived for the “plug-in” method (Benjamini and Hochberg
(2000)) rather than the standard BH procedure. For the BH procedure itself,
to our knowledge, a central limit theorem (CLT) for the FDP was first found in
Neuvial (2008) with a correction to the asymptotic variance formula by Izmirlian
(2020). These works showed that in the two group mixture model with Bernoulli
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parameter m; and with m hypothesis to test, when using the BH procedure at
FDR control level g, \/ﬁ(FDP —(1- 7r1)q) converges as m — oo to a centered
Gaussian with variance that depends on ¢, 71, and the common nonnull p-value
distribution.

There are fewer results on the limiting distribution of the FDP for depen-
dent test statistics. Using the proof methodology of Neuvial (2008), Delattre
and Roquain (2011) derive a CLT for the FDP of the BH procedure for one
sided testing, when the test statistics follow an equi-correlated Gaussian model,
with correlation parameter p — 0 as the number of tests m — oco. Delattre and
Roquain (2016) extend this result to settings where the Gaussian test statistics
follow arbitrary dependence structures but the average pairwise correlation of
the test statistics, and the average 2nd and 4th powers of the pairwise correla-
tions of the test statistics satisfy some constraints.

In Delattre and Roquain (2016), CLTs for the FDP are derived under two
distinct regimes. In their first regime, the average pairwise correlation among
test statistics is strictly greater than O(1/m) for m tests. Under this regime,
the FDP is not /m-consistent for the product of the FDR control parameter
with the limiting proportion of nulls, and the FDP only converges to a Gaussian
with scale factors much smaller than y/m. Their other regime considered has an
average correlation among test statistics that is at most O(1/m). For this regime
Delattre and Roquain (2016) derive a CLT for the FDP with /m scaling, but
they require a restrictive assumption which they call “vanishing-second order”,
precluding settings where there are short-range correlations of constant order.
Examples of test statistic correlation matrices to which Delattre and Roquain
(2016) will not apply include tridiagonal Toeplitz correlation matrices as well
as a block correlation matrices of constant block size, both of which are simple
models of interest for studying multiple testing under dependence.

With the aim of identifying dependency structures for which the investigator
should be concerned about bursty behavior of the BH procedure, in this paper,
we introduce a model that allows for a combination of long-range and poten-
tially strong dependence among the test statistics via a factor model, along
with additional strongly-mixing noise that has rapidly decaying long-range de-
pendence. The model also allows for the proportion of nonnulls among the m
hypothesis tests to vary as a function of m. Under some regularity conditions on
the factor model and on the noise with rapidly decaying long-range dependence,
we prove a CLT for the FDP under more general conditions than prior CLTs.
Our CLT proof structure extends that of Delattre and Roquain (2016). We also
establish a CLT for the False Positive Ratio (FPR), which is the proportion
false discoveries among all tests conducted. The new CLTs hold conditionally
on the realized latent variable of the factor model. Applying these new results,
we make the following contributions to the literature of asymptotic results for
the BH procedure:

1. CLTs of the FDP for simple models, with short-range and constant-order
dependency structures, that were not covered by the results of Delattre
and Roquain (2016). Examples include block correlation structures with
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fixed block size and banded correlation structures (e.g. tridiagonal Toeplitz
correlation structure).

2. Conditional CLTs in settings where the long-range dependency is modeled
by a factor model which includes scenarios not covered in Delattre and
Roquain (2016).

3. CLTs for the FPR rather than just the FDP because the FDP limiting
behavior is unilluminating when it converges in probability to 1.

4. CLTs where the expected proportion of nonnulls varies as the number of
test statistics grows, allowing for a sparse allocation of nonnulls.

5. A discussion of the dependency regimes under which the investigator
should be concerned about BH having bursty behavior, such as the setting
where the number of nonnulls is 0,(y/m), and the dependency structure
contains a factor model component.

To qualify point 2 above, we note that Delattre and Roquain (2016) include
some CLTs for the FDP that our theorems do not. Ours all have a /m scaling.
They include some with a slower than /m scaling. For instance, they get such
a CLT under an equicorrelated Gaussian model with correlation p — 0 but
Vmp — oo.

Figure 1 shows some simulations of the FDP under models that we study in
this paper. In each case, there are 25,000 Monte Carlo simulations. The BH pro-
cedure is used with ¢ = 0.1 on test statistics that are A/(0, 1) for null hypotheses
and N (2,1) for alternative hypotheses. Each hypothesis is independently null
with probability 0.9 and nonnull otherwise. The models differ in the correla-
tion among test statistics. For the first histogram, m = 22,283 test statistics
were sampled with correlations based on a 3-factor model fit to some Duchenne
Muscular Dystrophy data described in Section 6. The second histogram is for
the same correlation matrix after dividing the off-diagonal entries by 10. Next
are two block correlation models with blocks of size 100 and within-block cor-
relations of 0.05 or 0.5. To keep m = 22,283 one of the blocks had only 83 test
statistics in it. In all four settings the FDR is seen to be controlled below 0.1,
as desired. The positive False Discovery Rate (pFDR), defined as the expected
value of the FDP conditional on there being at least one rejection, does not
exceed 0.1 in these simulations either. Of the four histograms, one shows a long
tailed distribution for FDP that we consider extremely bursty, two show FDPs
that are typically quite close to the target FDR of ¢ = 0.1, and the fourth one,
with downsampled correlations is intermediate.

The organization of this paper is as follows. In Section 2, we describe our
multiple testing setup and our model to account for both long-range correlations
and short-range correlations among the test statistics. We also introduce our
notation, definitions and the conditions under which our results hold. In Section
3, we state our most general CLTs for the FDP and FPR of the BH procedure.
These hold conditionally on the common latent factors in our model. The proofs
of these theorems are provided in the Appendix. In Section 4, we exploit these
theorems to obtain FDP CLTs (that are not conditional on a latent factor)
for settings where the long-range dependence is rapidly decaying and no factor
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Histogram of FDP values for data-based 3 Factor Model Histogram of FDP values for 3 Factor Model (downscaled loadings)
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Fic 1. These are histograms of the false discovery proportion in 25,000 simulations. The data
come from the two-group mizture model as described in the text. Each histogram’s mean is
marked with a triangle and each histogram’s mean amongst nonzero FDP values is marked
with a hollow diamond, which estimate the FDR and pFDR respectively. The target FDR
control is ¢ = 0.1.

model component is needed to account for long-range dependencies. In Section
5, we exploit these theorems to obtain FDP and FPR CLTSs conditional on the
latent factor that give insight into the burstiness of the BH procedure, and we
show that the burstiness of the BH procedure is particularly alarming when the
test statistics follow a factor model and the number of nonnulls is sparse (for
example, if the the number of nonnulls is o,(y/m) where m is the number of
hypothesis tested). In Section 6, we describe the Duchenne Muscular Dystrophy
dataset and the 3 factor model that was fit to it, and we show simulations
based on the fitted factor model. In Section 7, we discuss these results and their
implications for multiple testing.

2. Setup and Definitions

In this section we introduce our notation for the two-group mixture model.
Our version relies on a factor analysis model that we also introduce. We also
review the BH procedure and state our regularity conditions in this section.

2.1. Two-group mizture model with factors

Our setting has m hypothesis tests indexed by ¢ = 1,...,m and our asymp-
totics let m — oo. For 1 < i < m < oo, let H,,; € {0,1} be an indicator
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variable with H,,; = 1 if and only if hypothesis ¢ of m is nonnull. We take

Hy,.o o Hym w Bern(ﬂ'gm)) for ﬂ’”) € (0,1). Our two-group mixture model

is thus based on a sequence of nonnull probabilities and letting ng) — 0 will

let us model sparsity of nonnull hypotheses. For instance, with ﬂim) = A\/m, the
number of nonnulls has constant expectation A and has an asymptotic Poisson
distribution.

To focus on dependency among tests it is convenient to assume Gaussian test
statistics X,,,; for 1 <7 < m < 0o. The test statistics where the null holds have
mean zero and the ones where the alternative hypothesis holds have common
mean pa > 0. We assume that X,,; = paHp + Zimi where (Zna, -y Zmm)
is multivariate Gaussian, and we induce dependence among our p-values by
introducing correlations among the Z,,;.

We study two kinds of dependence operating simultaneously. One is an a-
mixing dependence that decays rapidly as the distance between hypothesis in-
dices i increases. This model captures some of the dependence one expects from
hypotheses corresponding to a linearly ordered variable such as the position of
a single nucleotide polymorphism (SNP) along the genome.

The other form of dependence we include is a factor model. Owen (2005) gives
conditions where the correlation matrix for m test statistics measuring associa-
tion of a single phenotype with expression levels of m genes is actually equal to
the correlation matrix of the sampled gene measurements. A factor model can
capture important aspects of such a matrix. More generally we might suppose
that there are possibly sparse factors affecting both genotype and phenotype and
then nonnull hypotheses correspond to one or more shared factors. Some other
uses of factor analysis models in multiple hypothesis testing include Friguet
et al. (2009), Lucas et al. (2010), Sun et al. (2012) and Gerard and Stephens
(2020).

We construct the k-factor model for the array {Z,,; : 1 < i < m < oo}
as follows. We let W ~ AN(0, I},) remain constant as m — oo and let {L,,; :
1 <i < m < oo} be a triangular array of fixed ‘loading’ vectors in R¥. The
factor model component of Z,,; is LI”-W. For our a-mixing model with possibly
strong short-range correlations but rapidly diminishing long-range correlations,
we let {Z(™}°_ be a sequence of covariance matrices and for each m, we let
(Emis- - Emm) ~ N(0,%0™). To combine both dependency structures, we let
Lo = LIMW + &mi, giving our correlation structure for the array {Z,,; : 1 <
i< m < oo}.

We suppose that all of the test statistics have the same variance and without
loss of generality, we take this common variance to be one. We do not assume the
factor model to have a perfect fit, and assume instead that ||L,;||3 + Egn) =1

where Zgn) > 0 for all i,m. Because Z,,; = L] .W + &,,;, these assumptions
give Zmi, -y Zmm ~ N(0,1) along with the two kinds of dependency discussed
above.

We let ¢ and @ denote the probability density function (PDF) and the cumu-
lative distribution function (CDF), respectively, of N'(0,1) and we let ® = 1— &
be the complementary CDF. Then our p-values for one-sided hypothesis tests
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are

for 1 <7 < m < oo, and so Pp,; ~ Unif(0,1) for the true null hypotheses.
Fixing ¢ € (0, 1), throughout the text we will let 78y, Vin, FDP,,, and FPR,,
denote the rejection threshold, the number of false discoveries, the FDP, and
the FPR respectively when applying the Benjamini-Hochberg procedure at level
q to the p-values (Pp1,. .., Pnm). The formulas for these quantities are given
explicitly in the next subsection, where we review the BH procedure. In our main
theorems, we state CLT's for the quantities FDP,, and FPR,, conditionally on
the value of the latent factor W = w € RF.

2.2. The BH procedure

Here we describe how the BH procedure is conducted at level ¢ on m tests with
p-values (P, ..., Ppm). First take the sorted p-values P,y < ... < Ppy(m)
and set P, o) = 0. The number of rejected hypothesis will be given by

Ry, = max{j : Pm(j)gg, j€{0,1,...,m}}. (2)
The BH procedure rejects the hypotheses that correspond to the R,,, smallest
p-values: that is it will reject all hypothesis i for which P,; < Pyy(r,.) = TBH,m-
As noted in Neuvial (2008), 7gu,m can equivalently be defined as the largest
t € [0,1] at which the empirical CDF (ECDF) of the p-values is at least as large
as t/q. We leverage this equivalence in our theorem proofs.
Letting Hyn1, ..., Hmm be as defined in Section 2.1, the number of false dis-

coveries is

Vm = ZI{sz < 7-BH,maI{'mi = 0} (3)
=1

Then FPR,, = V,,/m and FDP,,, = V,,,/ max{R,,, 1}.

2.3. Definitions and Conditions

Here we present some definitions as well as regularity conditions sufficient for
our conditional CLT's to hold. All of the definitions, conditions and formulas in
this section are conditional on a fixed value of the latent factor W € R¥.

2.8.1. Long-range dependency conditions

For 1 < ¢ < m < oo, define &,,; = (€mi, Hmi). Now let AT (m) be the o-
field generated by the variables &,,; for 1 <4 < n and A% ;(m) be the o-field
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generated by the variables &,,; for n +d < i < m. For integers d > 1 our
a-mixing parameters a(d) € [0,1] are defined by

a(d) = sup sup  |P(Ag N Ay) — P(Ag)P(Ay)].
n,meN Agec AT (m)
A1€.AfL°+d(m)

Condition 1. There exists an even integer Q) > 2 and v > 0 such that both

. Y 2 . > Q-2 0
i) ——+—=<1 and (i) Zd a(d)@+ < oo
247 Q =

Notes about Condition 1: Throughout the text we will let @, v be such
numbers. Note that it is possible that this condition can be loosened to allow @
to be rational, but then we need to trust a claim in Andrews and Pollard (1994)
that their Theorem 2.2 would still hold for @ not an even integer. Condition 1
will hold when the correlation between ¢,,; and &,,; is a rapidly decaying func-
tion of |¢ — j|. If this correlation is always zero for each |i — j| > M (making
the error sequences (€m;)1<i<m M-dependent for each m), Condition 1 will hold.

For any non-empty T C [m] = {1,2,...,m}, define Fp,p = 0({&mi}ier). For
non-empty 7,5 C [m] let

R(T,S,m)=  sup |corr(f,g)]
fE€L2(Fmr)
g€L2(Fms)

be the maximal correlation coefficient between the o-algebras F,,r and F,s.
For non-empty T, .S C [m], let dist(7T,S) = min{|i — j| : i € T,j € S}. Define

p«(d)=sup sup R(T,S,m) (4)
meN  T,5C[m]
dist(T,5) >d
T,5#¢

to be the interlaced p-mixing coefficient of the triangular array {&,:,1 < i <
m < o0o}.

Condition 2. limg_, p«(d) < 1.

Notes about Condition 2: {p.(d)}32; is a monotone non-increasing se-
quence of elements in [0, 1]. In checking whether the condition holds, note that
the limit will always exist. While we have not proven a relationship between
Conditions 1 and 2, we do not expect there to be any common situations where
Condition 1 holds but Condition 2 does not. If for some M, corr(em;,em;j) =0
whenever |i — j| > M, then by M-dependence Condition 2 will hold.

We now mention another condition that forces the variance of all €,,; terms
to be bounded away from zero.

Condition 3. S = sup; ;e | Lmall3 < 1.
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Note about Condition 3: recalling that || L,,;||3+var(e,,;) = 1 in our model,
this condition provides a uniform bound var(e,,;) > 1 -5, >0 for all 1 <i <
m < 0o.

2.3.2. Definitions of some subdistributions of p-values and their condition

m) _ 4 ’/Tgm)

For any m € N, define 7r(() = , and then write

HmiO =1- Hmz and Hmil = Hmi~

Our definitions use r = 0 for quantities based on the null hypotheses and r = 1
for quantities from the nonnull hypotheses. For ¢ € [0,1] and r € {0,1} let

. 1 & 1 & _
Fm,r(t) = E ZHmiTI{Pmi < t} = E ZHmirI{(I)(NAT+€mi +L;I;L1W) < t}'
=1

i=1

We call Fm,o and FmJ the empirical subdistribution functions of the null and
nonnull p-values respectively. These empirical subdistribution functions sum to
the ECDF of the p-values. Let Yy : [0,1] — [0, 1] be the monotone increasing
bijection given by

_dHt) — - L.
Ymir(t) = Pr(Pri < t|Hps =17, W =w) = <I>< (t) — par szw).
V1 = [[Lmil3
We aggregate v, in the following subdistribution functions
(m) m

Fm,r(t) = E(me(t)) = W;n ZVmir(t)

and then let

()
F.(t) = lim F,.(t)= lim —

m—0o0 m—oo MM

ZVmir(t)- (5)

Condition 4 ensures that these quantities are well defined.
Condition 4. For allt € [0,1] and r € {0,1}, F,.(t) = limy,—y00 Fin (1) exists.
2.8.3. Defining the asymptotic ECDF and the Simes point

Now define G,,,G : [0,1] — [0,1] via

Gu(t) = Fpo(t) + Epa(t) and  G(t) = Fo(t) + Fi(t) (6)

for t € [0,1]. Note that G,, is the ECDF of the p-values and G is the limiting
expected ECDF of the p-values. Throughout the text we will refer to G as the



/A CLT for the BH FDP under a factor model 10

o
T o —— Wy
c W,
o o wB
s 8- W e
S o —— Simes Line =T
=
o
w
s S -
o o
=
=
[
o3
O o e —————
w
Q
E=d o
2 = -
=% o
£
@
< 8 ]
o

"
T I I T I 1
0.000 0.002 0.004 0.006 0.008 0.010

Fi1c 2. The curves are conditional asymptotic ECDFs of p-values in a 3-factor model based
on some Duchenne Muscular Dystrophy data described in Section 6. The three draws satisfy
B(wy) = (0.8,0.4,0.9), ®(wg) = (0.45,0.56,0.62) and ®(wc) = (0.02,0.85,0.78). Filled
circles show the Simes points. An open circle for wp shows a crossing of the Simes line that
is not the Simes point because it is not the final crossing.

asymptotic ECDF because under most dependency structures, we expect G to
be the point-wise limit in probability of Gm.

The rejection threshold for the BH procedure at level g is the largest point ¢
such that the ECDF of the p-values evaluated at ¢ lies above the line through the
origin of slope 1/¢, called the Simes line. It is reasonable to expect the limiting
p-value rejection threshold for the BH procedure at level ¢ to be the largest
t at which (¢, G(t)) intersects the Simes line. We use the term Simes point to
describe the largest point where the asymptotic ECDF intersects the Simes line.
More precisely, the Simes point is

. =sup{t € (0,1) : G(t) > t/q}, (7)

interpreting the supremum of the empty set to be zero. The Simes point satisfies
0 < 7« < ¢. The upper limit follows from G(¢) < 1. Both G and 7, depend on
the specific realization of latent factor W € R¥ on which we condition.

Figure 2 illustrates the Simes points. The setting has ps = 2, 7o = 0.9 and
g = 0.1. The horizontal axis has putative p-values over the range ¢ € [0,0.01].
The Simes line is ¢/q. There are m = 22,283 hypotheses corresponding to genes
in the GDS 3027 Duchenne Muscular Dystrophy data described in Section 6.
For three draws W ~ N(0, I3) we show the asymptotic ECDF curves. One of
them crosses the Simes line twice and the Simes point is the last crossing. One
crosses it only once and one has Simes point 7, = 0 because the Simes line is
never crossed.
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We will need continuity of G(-) on (0, 1) under Conditions 3 and 4. We do not
know whether G must be continuous at 0 or 1, but our results do not depend
on that.

Proposition 1. Under Conditions 3 and 4, G is continuous on (0,1).

Proof. Tt is sufficient to show that G is Lipschitz continuous on (€, 1—¢) whenever
0 < € < 1/2. For any such ¢, observe that for » € {0,1} and integers 1 < 4 <
m < 0o

1 (@_1(t)—L;iw—uAr>

[ TSy W o A Y s o

Now ¢(-) < 1/v/27 and then using Condition 3 it follows that for any ¢ €
(67 1— 6)7

W) < 1/v/2m o 1/v/2m
TS @ ()T = 5; 9@ 1(e))v1-SL
Since SuPye (c.1—e) Var (B)] < Ce < 00, [min(t) — Ysr (5)] < Celt — | for any

t,s € (¢,1 —¢). This argument holds for any 1 < i < m < oo and r € {0,1},
and so for any ¢,s € (¢,1 — €) and integer m and r € {0,1},

=C..

(m) m

.
- Z |’Ymi'f(t) - PY;nm(S)‘ < C€|t - 8|'
=1

|Fm,'r(t) - Fmﬂ“(s)| g m

Taking the limit as m — oo of the left side of the above inequality, which exists
by Condition 4, we get |F.(t) — F.(s)| < Ce|t — s| for all ¢t,s € (¢,1 —¢) and
for both r € {0,1}. Thus, F, is Lipschitz continuous on (¢,1 — ¢€) for r € {0,1}
which implies G = Fy + F} is Lipschitz continuous on (€,1 — ¢€). O

2.8.4. Defining a focal interval [a,b] C [0,1] for our processes

We are going to work with an interval [a, b] of positive length for which the
Simes point 7, is the unique element ¢ € (a,b) with G(¢t) = t/q. First we need a
technical condition to rule out some pathological behavior. Under this condition
there will be a unique point in [a, b] where G crosses the Simes line.

Condition 5. The Simes point is positive, is the largest point where G ac-
tually crosses the Simes line, and is not an accumulation point for points of
intersection of G and the Simes line. That is,

(i) T« >0,
(ii) 7. =sup{t € (0,1) : G(t) > t/q}, and
(iti) 7. is not an accumulation point of {t € (0,1) : G(t) =t/q}.
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Note about Condition 5: For many factor model choices, Condition 5 will
hold with some probability in (0,1) depending on the specific realization of
W ~ N(0,1I;). This is due to the dependence of 7, and G on the specific
realization of the latent factor W € RF on which we condition. For example,
see Figure 2.

Proposition 2. If Condition 5 holds, then for any b € (q,1) there exists a point
a € (0,q) such that

(i) G(a) > a/q, and
(ii) the Simes point T, is the unique t € (a,b) solving G(t) =t/q.

Proof. Pick any b € (¢,1) and suppose that Condition 5 holds. Then
. =sup{t € (0,1) : G(t) > t/q} =sup{t € (0,1) : G(t) >t/q} > 0.

Now 7, < ¢ because G(¢) < 1 for all ¢ € (0,1). Also, G(7«) = 7«/q by continuity
of G (see Proposition 1). Hence, because 7, = sup{t € (0,1) : G(t) > t/q} but
G(7s) = Tx/q, there exists a sequence ay, 1 7 such that for all n, G(a,) > an/q
and a, < 7. Since {t € (0,1) : G(t) = t/q} does not have an accumulation
point at 7. and since G(t) — t/q is continuous, there is a sufficiently large N,
with G(t) > t/q for all t € [an,,T«). We choose a = ap, € (0,7.) and then
property (i) holds by our definition of a,. Also, a € (0,¢q) because a < 7, < g.
Turning to property (ii), G(t) > t/q for all t € [a,7.) by the the choice of N,
and a, while for all ¢ € (7, b), G(t) < t/q by the definition of 7. O

Throughout the text, when conditioning on W = w € R*, if Condition 5
holds we will let [a,b] be an interval satisfying the properties (i) and (ii) with
a € (0,q) and b € (q,1) that are guaranteed by Proposition 2.

2.8.5. Defining our stochastic process and its Gaussian process limit

Our stochastic processes of interest are two jointly distributed random cadlag
functions on [a, b]. Such functions are continuous from the right and have limits
from the left. We will show convergence to a pair of Gaussian processes with
continuous sample paths on [a, b]. The expressions C([a, b] x {0, 1}) and (C[a, b])?
are both awkward, while C[a, b]? denotes functions on a square region. Therefore,
we use the symbol [a,b]2 to denote [a,b] x {0,1} and study random elements
in C[a, bl and Dia,b]s. Explicitly, C[a,b]2 is the collection of all pairs of real
valued continuous functions on [a,b] while D[a, b3 is the collection of all pairs
of real valued cadlag functions on [a,b]. We study the following processes in
D[a, b]g!

Winr (t) = V/m(F () — Finr(t))  and
Wmﬂ"(t) = \/%(Fm,r(ﬂ - Fr(t))'

We are ultimately interested in a functional central limit theorem (FCLT) for
the joint process (Wm,o(’), Wm,l(')), so we must find the limiting joint covari-
ance kernel of this pair of processes. To describe this limiting covariance kernel
we introduce some convenient definitions and notation.

(8)
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For convenience, throughout the text we will define {T'(™}°°_, to be the
sequence of correlation matrices corresponding to {£(™)}2°_, and for each m, i
define &,,; = emi//1 — || Lmil|3. Note that (Em1,. .-, &mm) ~ N(0,T(™) and
that each &,,; has unit variance. For any ¢, s € [0,1] and |p| < 1, define

€2

pt,s,p) = Pr(él > (1), 6 = D (s) ‘ (6:1> NN(O, (ﬁl) f))) —ts. (9)

Given a bivariate Gaussian with unit variance and correlation p, the above
quantity is the covariance between the indicator that the first coordinate of this
bivariate Gaussian exceeds its 1 — ¢t quantile and the indicator that the second
coordinate of this bivariate Gaussian exceeds its 1 — s quantile.

Now for any s,t € (a,b) and rg,r; € {0,1} and m € N define

clrom) (¢, s) = cov (Winro (), Wiy ().

It is convenient to break up the expression of c(mro"”) (t, s) into two terms. Define

m

T0,T 1 m m m
C'En?éi;;(t’ 3) = E Z (777(‘0 )rymw‘o (t A S)I{TO = Tl} - 7T7(‘0 )71'51 )’YmiTo (t)’)/min (8))’

i=1
and define
(m)__(m)

C(""Oy'f’l) (t’g) - Trg Ty

™m,Cross

Z ﬁ(’Ymiro (t)a Ymjry (S)’ an)) '
i#]

In the following proposition we show that ¢, = ¢, diag + Cm,cross-

Proposition 3. For any s,t € [a,b] and ro,r1 € {0,1} and m > 2

c%’o,rl)(t7 s) = C(ro,m)(t7 s) + c(ro,r1) (t,s).

m,diag m,Cross
Proof. For i,j € [m] define
O (4, 5) = cov (Humirg I{ Prai < t}, Hynjr I{ Py < 5})
= COV(HmimI{(i)(émi) < Ymirg (t)}yHmth{i)(gmj) < Ymjm (5)})
For @ # j, Hmire, Hmjr, and € are all independent, so
O (t, ) = 7l al™ cov (IH{B(Emi) < Ymire ()} I{P(Ems) < Y (5)7})
= 77 5 (i (£): Vg (5), 1),

When i = j, Huirg Hmjr, = HmirgI{r0 = r1} and &,,; = €y, so that

Com (1, 5) =m™ [{rg = 11 Pomiro (£ A 8) — 77

m)
2,7,m 0 T1

Ymiro (t) Ymir, ().
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Since the above expressions hold for any i,; € [m],
crom)(t, ) = coV (Wi (8), Wi (8))
= meov (Fp o (t), Frnm ()

1 m m
E Z Z COV(HmiToI{Pmi < t}a HTYLjT‘l I{Pm] g 5})

i=1 j=1
- LSS
i,4,m
=1 5=1
_ (ro,r1) (ro,r1)
= 2017107:;1 (t,s) ZC’ZTJOWC (t, s)
1#
= cﬁi?gf;;;<t7s> + et 9). 0
Now define
o)t sy = lim 7o (¢ s). (10)
m—r 00

By the simplified formula for c(m’”)(t s), the above limit exists by Condition 4
if we further impose Condition 6 below.

Condition 6. For any (s,t) € [a,b] and ro,r1 € {0,1},

(m)_(m) m

. Trg Ty A .
mlE)noo m ; 'szro (t)’ymlh (S) and
(m),_(m)
. Trg " Trp ~ (m)
n}gnoo 9 m L ; P(’Ymiro (t)a VYmiry (8)7 Fij )
7]

both exist.

Tt is easy to see that the functions c(-, -) defined above gives a joint covariance
kernel that is symmetric and positive semidefinite because it is the limit of
symmetric and positive semidefinite joint covariance kernels c¢,,.

2.8.6. Regularity conditions on Fy, Fy, Fp, 0 and Fp, 1

Before introducing the main theorems, we introduce another two conditions
that will be used in their proof.

Condition 7. Both Fy and Fy are differentiable at 7.

The final condition is needed to derive a (Wm,o(-), Wml()) FCLT from a
(Win,0(+), Wn,1(+)) FCLT. We would like to hold the subdistribution functions
F.,0 and F),, 1 constant as m changes but this is not possible outside of trivial
cases as they have step sizes 1/m. Instead we assume that they approach limits
Fy and Fj at a fast rate.

Condition 8. For r € {0, 1}, limy;, 00 SUPseq ) |Vm(Fp o (t) — Fo(t))] = 0.
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Notes about Condition 8: While the distance between [}, , and F;. could
potentially be as small as O(1/m) we do not need that level of precision. We only
need the distance to be small compared to random sampling of m IID random
variables. In addition, a version of Theorem 1 below will still hold if we slightly
loosen Condition 8 to say that there exist continuous functions zj : [a,b] — R
and z : [a,b] — R such that for both r € {0,1},

lim sup ’\/E(Fm7r(t) — F.(t)) — zr(t)‘ = 0.

M= tela,b]

However, if we use this slightly looser condition, the resulting theorem statement
will be messier.

3. Statement of the Theorems

Theorem 1. For the model of Section 2.1, suppose that conditionally on a
specific value of the latent factor W = w € R that Conditions 1-8 all hold.

Then
\/E(FDPm—M | W:w) 4 N(0,02) (11)

*

as m — oo where

[N~}

o} = ((1+ )2 (7, 7)) + a2V (7, 1) + 2a(1 4 a) B0 (7, 7)) (12)

28

for the function Fy given at (5), the asymptotic ECDF G given at (6), the Simes
point 7. from (7), the covariances "™ (-, ) given by (10) and

Fy(m) — Fo(r) /74
1/q—G'(7)

Proof. See the appendix for a proof of this theorem. O

« (13)

The proof is quite long but to summarize we first derive an FCLT for the joint
process (Fm,o, Fm,l) by proving finite dimensional distribution convergence us-
ing a result from Peligrad (1996) and then extend to an FCLT by using a result
from Andrews and Pollard (1994). We then define ¥(¥PF) . Dia,b], — R to be
a particular function satisfying FDP,, = ‘II(FDP)(Fm7o7ﬁm71) with probability
converging to 1 as m — oo. Then we argue that W(FPP) is Hadamard differen-
tiable at (Fy, F) tangentially to C[a, b]2 and compute the Hadamard derivative
by mimicking the approach in Neuvial (2008). To complete the proof of the CLT
given in (11), we tie these results together with the functional delta method in
Chapter 20.2 of van der Vaart (1998). Using the same proof technique we obtain
the following conditional CLT for the ratio V,,,/m.

Theorem 2. Under the conditions of Theorem 1,

(5

— Fy(r) | sz) L N(0,0%) asm — oo (14)
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where
0% = (1+B)2c 9 (r,, 7)) + 2D (1, 7)) + 281 + B)c MO (1o, 7)) (15)

for
T 1/q— G (1)
Proof. See the appendix for a proof of this theorem. O

(16)

It is often the case that for a particular factor and noise model, Conditions
1-8 will not hold for all values of the latent factor W = w € R¥. Condition 5
will often be violated when drawing W ~ N(0, I;). We do not expect a positive
probability that 7, will be an accumulation point of {¢ : G(t) = t/q}, nor do we
expect a positive probability that sup{t € (0,1) : G(t) > t/q} # sup{t € (0,1) :
G(t) > t/q}, but we do expect a positive probability that 7. = 0. Therefore,
in the next theorem we describe the asymptotic behavior of the BH procedure,
conditional on W = w € R¥ when 7, = 0.

Theorem 3. For the model of Section 2.1, when conditioning on the latent
factor W = w € R*, suppose that Conditions 1-4 hold, that 7. = 0, and that
Conditions 6, 8 hold when setting [a,b] = [0,1]. Then

Vin
m

BHm |W =w 50  and W =w 0. (17)

Proof. See the appendix material for a proof of this theorem.
O

Remark 1. Theorem 3 will still hold if we loosen the mixing Condition 1 and
simply require that the error array {&,,; : 1 < i < m < oo} is strongly mixing.
This is because the proof of Proposition B.1 does not require Condition 1 to
hold and merely requires that the error array is strongly mixing.

Remark 2. When 7, = 0 and Tsu,m LN 0, it is not guaranteed that FDP,, LN
0. For example, consider the scenario where L,,; = 0 for all m,i, the errors
(Em1s- -+ Emm) are independent and 7T1m) =1/m.Then G(t) = Fy(t) = ¢, 7. =0
and by Theorem 3, TBH,m 25 0. Meanwhile, since all the null test statistics are
independent, when we condition on >\ | H,;1 = 1, then FDP,, > 0.5 any time
there is at least one false discovery, which is guaranteed to happen when at least
one of the m — 1 IID Unif(0, 1) null p-values is less than g/m. Therefore, letting

U, ...,Un—1 d Unif(0, 1) be generic uniform random variables,

Pr(FDP,, > 0.5) > Pr (FDPm > 0.5 ‘ 3 Hpir = 1) Pr (ZHW»1 - 1)
=1 i=1

>Pr (U (U < g/m})(1—1/m)" "

—(1—(1—g/m)™ (1 —1/m)" "

Taking the liminf as m — oo of each side, liminf,,_, ., Pr(FDP,, > 0.5) > 0.
Hence, in this scenario, 7, = 0 and TgH,m LN 0, but FDP,, L 0 does not hold.
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4. Corollaries when there is no factor model component

The simplest applications of Theorems 1 and 2 are to settings where there is
no factor model component. That is k = 0, or equivalently L,,,; =0 for 1 <i <
m. Then the test statistics are X,; = paHpmi + €mi where (€1, -+, Emm) ~
N(0, F(m)) for a correlation matrix I'™) € R™*™_ Next suppose, as is usual in
the two-group mixture model that 7T§m) =1 € (0,1) for all m > 1. Finally, we
will assume that the errors (€1, .., Emm) are M-dependent.

Many of the 8 conditions in our theorems hold trivially in this setting. Most
trivially, S; = 0 making Condition 3 hold. The mixing Conditions 1 and 2 will
hold by the assumed M-dependence. Also in this setting, because for each m,
Fo(t) = Fpo(t) = (1—m)t and Fi(t) = Fp1(t) = 1 ®(®71(¢)—pa), Conditions
4 and 8 on the subdistributions can be seen to hold.

To check that Condition 5 ruling out pathologies about 7, holds note that
Gt) = (1 —m)t +m®(®1(t) — pa). A simple calculation shows that G'(t) =
(1 —m1) +exp(pa®~1(t) — p?/2) and

G"(t) = —mrexp(pa®~ (t) — 1%/2)/0(D71(1)),

implying that G is concave on (0, 1) and that G'(t) — oo ast | 0. By concavity of
G, and since both G and the Simes line intersect the origin, {t > 0 : G(t) =t/q}
contains at most one point. It remains to show existence of a point ¢ > 0 with
G(t) =t/q. Since G'(t) — oo as t | 0 and G(0) = 0, there must be an € > 0 such
that G(e) > €¢/q. Also G(1) = 1 < 1/g, so the continuous function ¢t — G(t)—t/q
must cross 0 at some unique ¢, € (0, 1). By uniqueness and continuity of G this
unique t, is the Simes point 7, defined in (7) and further Condition 5 will be
satisfied. Because 7, € (0,1) and because Fy and F; are differentiable on (0, 1),
Condition 7 also holds.

The only remaining Condition to check is Condition 6 on convergence of the
covariance kernels. Let (a,b) C (0,1) be any small open interval containing 7.
Since for r € {0,1}, Vmir does not vary with m, the first limit in Condition 6
always holds. Therefore, Condition 6 holds whenever

.1 - m
Orgr (1,5) = ngnmm;pu,s,rﬁj ) (18)
7]

exists for all s,t € [a,b] and ro,71 € {0,1} with 5 defined at (9). We summarize
this along with an application of Theorem 1 in Corollary 1.

Corollary 1. Let the testing problem satisfy the conditions of Theorem 1 with
the following modifications:

1) the factor loadings L,,; are all zero,

2) the errors £n,; are M-dependent for all m and some M < oo, and

3) the probability m; € (0,1) of nonnull hypotheses does not depend on m.
Let 7. be the unique t € (0,1) satisfying t/q = mot + T ®(P"(t) — pa) and
let (a,b) C (0,1) be a small open interval containing T.. Let the correlations
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among €m; be such that or,r, (t,s) defined at (18) exists for all t,s € [a,b] and
ro,r1 € {0,1}. Then

2
Vi (FDP,, —m00) % N (0, = (7 = mor? + mo g00(rs 7)) ) (19)

*
where mg =1 — 7.

Proof. As discussed before the statement of the corollary, Conditions 1-8 hold
in this setting. Noting that in this setting a = 0 and there is no dependency on
the latent factor W, the result holds by Theorem 1. O

We can specialize Corollary 1 to settings with block diagonal correlations and
with Toeplitz correlations. The conclusion simplifies for these cases.

Corollary 2 (Block diagonal correlations). Under the conditions of Corollary 1
suppose that (em1, - - -, Emm) has a block diagonal correlation matriz with blocks
of fixed size sp in which the off diagonal correlations are to be pg. Let T, be the
unique t € (0,1) satisfying t/q = ot + m®(®7L(t) — pa). Then

2.2
Vm(FDP,, — moq) % N(o, o1 (;— — 72+ (s5 — 1)i(r, mps))) (20)
0

where mg =1 — w1 and p is defined at (9).
Proof. This follows from a direct application of Corollary 1. O

The corollary as written requires m to be a multiple of sg but it extends
easily to m — oo through an arbitrary sequence of m. One can let the “last”
block be smaller than the others if necessary.

Another simple correlation structure we can consider has banded Toeplitz
correlation matrices for €,,1, ..., Emm.

Corollary 3 (Toeplitz correlation). Under the conditions of Corollary 1 suppose
that (Em1,- - Emm) has a Toeplitz correlation matrix

M
S =Hi=j}+ > alfli—jl =1}
/=1

where p1,...,pm € (—1,1) are such that »(m) s positive semi-definite for all
m > M. Let 7, be the unique t € (0,1) satisfying t/q = mot + w1 ®(P71(t) — pa).
Then,

Vm(FDP,, — mq) % N (0 ”3q2(ﬂ‘—72+2§:~(7 - )) (21)
m 0q ) o * P\Tx, Ty P2

2
T =1

where mg =1 — w1 and p is defined at (9).
Proof. This follows from a direct application of Corollary 1. O
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Fic 3. This figure compares the histograms of FDP to our normal approximation and an
earlier one by Delattre and Roquain (2016) that does not necessarily cover these cases. Each
panel is based on 25,000 Monte Carlo simulations as described in the text.

We check the CLTs provided by Corollaries 2 and 3 via simulation in Figure
3. We compare the normal approximation given by these CLTs to the normal
approximation given by Corollary 4.2 in Delattre and Roquain (2016). We sim-
ulate block and banded correlation structures that do not satisfy the sufficient
conditions in their Corollary 4.2.

For each correlation structure we ran 25,000 Monte Carlo simulations with
pa =2, mg = 0.9, ¢ =0.1 and m = 10,000. The block correlation matrices we
considered had block size sp = 20, and within block correlations pg = 0.5. The
banded Toeplitz correlation matrix had M = 2 with p = p; = 0.65 above and
below the diagonal and p = p3 = 0.3 two rows above and below the diagonal. Our
normal approximation fits very well for the larger values of m. For large m the
normal approximation from Delattre and Roquain (2016) appears to accurately
estimate the mean but not the variance of the FDP. From this we believe that
something in their sufficient conditions must also have been necessary.

5. Burstiness in a factor model

The results in the previous section are CLTs that do not require conditioning
on the latent factor as they assumed no long-range correlations modeled via a
factor model. The CLTs are messier when factor model components are intro-
duced, so we present two examples for factor model settings where the formulas
for the asymptotic distribution of the FDP have some simplifications.
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5.1. 1-factor model for long-range equicorrelated Gaussian noise

Suppose that for each m, Hp,1, ..., Hmm id Bern(m;) for a fixed m € (0,1),
but we now have a one dimensional latent factor; that is W ~ N(0, 1). For sim-
plicity, we consider the simplest factor model structure: an equicorrelated Gaus-
sian model. In particular, we let L,,; = /p1 where p; € [0,1) for all m,i. We will
also allow for errors with shorter range correlations to be added to the model by
supposing that (1, - -, &mm) ~ N(0,T™) where I'™) is a correlation matrix
with blocks of size sp and off diagonal within-block correlations of ps. We as-
sume that the blocks are of equal size, except the last one if m does not divide
sp. In this model the test statistics are X,; = paHpmi +/p1W + /1 — p1émi
and the correlation structure of the errors (not related to the indicators H,,; of
whether the hypotheses are true) follows a matrix ¥p, where

1, if i = j,
(XB,)ij = 1§ p1, if 4 and j are in different blocks,
p1+ (L —p1)p2, ifi#jandifiand j are in the same block.

In such a setting it is easy to show that all of our conditions, except possibly
Condition 5 will hold. Condition 5 ruling out pathologies involving 7, will hold
depending on the value of W drawn from N(0,1). Some w may give 7. = 0
though we do not expect a positive probability that 7, will be an accumulation

point of {t : G(t) =t/q}.

Corollary 4. In the multiple hypothesis testing setting of Section 5.1, condition
on W = w € R and for t € (0,1) let G(t) = (1 — m1)y(t) + m71(t) with
Yr(t) = @((PL(t) — par — /prw) /T =p1) forr € {0,1}. Ifw is such that G

satisfies Condition 5 that the Simes point is positive with no pathologies, then

\/E(FDPm— M|W:w) i>/\f(0,a%)2) as m — 0o

*

where mg =1 — m and
((1 + )20 (r, 1) + a2 (1, 7,) + 2a(1 + @) O (r, T*))

Y0(7) = 0(7)/ 7+
/g = G'(7)

o =

and for r € {0, 1},
C(TJ)(T*aT*) = Y (Te) — WE'VT(T*)%“(T*) + 77—7%(33 = 1)p(vr (7)), ¥ (T4), p2)
and

O (7, 7) = —momyo () (1) + momi (s5 = 1)p(0(7), 1 (74, p2)
where p is defined in Equation (9).
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Proof. As mentioned earlier in this section Conditions 1, 2, 3, 4, 6, 7, and 8 will
hold for any value of W drawn. Therefore the above result holds from applying
Theorem 1 in the setting where Condition 5 also holds. O

Remark 3. In the setting of Corollary 4, if m/sp is large, then perhaps the
test statistic correlations can be modeled with a factor model with a bit more
than m/sp factors but asymptotically such an approach would require adding
infinitely many factors in the model. In our setup, the equicorrelations p; are
long-range and persist as m — oo and hence they are modeled with a factor
model whereas the additional noise with correlation blocks of size sg involves
short-range correlations and are therefore not modeled as a factor.

5.2. Setting where number of nonnulls is op(1/m)

Here we consider sparse nonnulls with W%m) = o(1/4/m). It can be shown with
a Chernoff bound for the binomial that in this case the number of nonnulls is
op(v/m). Also suppose that under the two group mixture model for test statistics
of Section 2.1, Conditions 1- 8 hold. Then it will follow that F; = 0 and moreover
Wy = \/ﬁ(ﬁ’m,l —Fnn) Ly 0. If this is the case, then we will have ¢(1'1) =0,
10 =0, Fy(r,) = 7./qg and a = —1.

Corollary 5. Suppose that we are in the two group mizture model for test
statistics of Section 2.1 and that ng) = o(1/y/m). If, conditionally on a specific
value of the latent factor W = w € R*, Conditions 1-8 hold, then

\/TTL(FDPm—HW:w) LN

and
\/ﬁ(‘;n—m—%|W:w) i>./\/'(O,o*12;m) as m — oo
where

012%’3 =(1- qG/(T*))_QC(O’O)(T*,T*).

Proof. Apply Theorems 1 and 2 noting that Fo(7,) = 7./q, a = —1, ¢MD =0,
(1.0) — ¢ O
c )

The corollary indicates that severe bursts can occur; V,,,/m can converge to
a positive number even while the proportion of hypotheses that are nonnull
converges to 0.

We check the result of Corollary 5 via simulation in Figure 4. We simulate
from the 1-factor model described in Section 5.1, except now the proportion
of nonnulls ng) is not fixed in m. Instead we set W%m) = 5m~2/3. For each
m € {10%,10%,10%,10%,10°}, we conditioned on w = 2.5 and ran 25,000 Monte
Carlo simulations with pa = 2, W(()m) =1-5m=23 ¢=0.1, pp =0.3, and
p2 = 0.6. For these choices of parameters, the conditions of Corollary 5 are met.
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F1G 4. This figure compares the histograms of the FDP and the number of discoveries Vi, to
the asymptotic estimates of their distributions given by Corollary 5. Each panel is based on
25,000 Monte Carlo simulations as described in the text.

6. Data Driven Factor Model Example

We fit a 3-factor model to the GDS 3027 Duchenne Muscular Dystrophy
(DMD) data, which can be found on the Gene Expression Omnibus. This data
set was analyzed in Kotelnikova et al. (2012) and Wang et al. (2020) and had
m = 22,283 genes and n = 37 subjects. Of these subjects 23 had DMD and
14 did not. We centered the data for each gene and stored it in a matrix
Y € R37%22:283 Ty fit a homoskedastic factor model, we looked at the plot
of the singular values of Y and chose to work with the largest three of them for
illustrative purposes. We then computed Y3, the singular value decomposition-
based rank 3 approximation to Y, and estimated the homoskedastic noise, og
as the standard deviation of the entries in ¥ — Ys. We let L € R™*3 be the
matrix whose columns consist of the first 3 right singular vectors of Y scaled by
their corresponding singular values. We subsequently treat L and op as fixed
quantities and then assume the following factor model under the global null:
YT = LF + o E, where the entries of F € R3*37 and E € R™*3 are IID stan-
dard Gaussians. Under the alternative we suppose that for each nonnull gene,
the values of Y for that gene are shifted by a fixed constant for DMD subjects
and a different fixed constant, maintaining centering of the columns of Y, for
the control subjects.

Since the dataset is from a case-control study, to compute the test statistics
we condition on DMD status and assume that the stochasticity in our obser-
vations Y comes from the random matrices ' and F. The unstandardized test
statistics Xystq € R™ are simply the difference-in-means between the DMD
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F1G 5. The histograms show 25,000 samples of the number of false discoveries in the two group
model with a data-driven three factor model for dependence. The 3-factor model has draws A,
B and C as described in the text. The top row has m = 22,283 hypotheses and the bottom has
25 times as many hypotheses. The nominal FDR control threshold is ¢ = 0.1. Draw C yields
a higher FDP while draw A yields a lower one. Draw B has a heavy tail, corresponding to
one or two stmulations where the FDP =1 due to a single false discovery. The red curves for
A and C are asymptotic Gaussians from Theorem 1. Case B does not satisfy the sufficient
conditions for the conditional CLT, but satisfies the conditions for Theorem 3.

group and the control group for each gene and this unstandardized test statis-
tics vector has covariance matrix proportional to O’%Im +LLT. The standardized
test statistics X € R™ are given by dividing each entry of X,sq by the square-
root of the corresponding diagonal entry of o%1,, + LLT. The vector of test
statistics then satisfy X = [i + LW + ¢ where [i is a vector of constant means
(which are zero for the null genes), L is a matrix of factor loadings similar to L
but with appropriately rescaled rows, W ~ N(0, I3) and ¢ is heteroskedastic,
independent, and centered Gaussian noise. Assuming that each standardized
nonnull test statistic has the same mean pua4 > 0, that we conduct one-sided
testing, and that the nonnulls are determined by IID Bern(m;) draws, using the
test statistics X we are in the multiple hypothesis testing setting of Section 2.1.

Figure 2 in Section 2 shows the asymptotic ECDF of the p-values for three
specific realizations of the latent factor w in the data-driven 3-factor model and
multiple testing setting described above, with ug = 2, m; = 0.1, and ¢ = 0.1.
Figure 5 shows histograms of the FDP based on 25,000 Monte Carlo simulations
for the same data-driven 3-factor model, multiple testing setup, factor outcomes,
and parameters as Figure 2.

In the top panel of Figure 5, m = 22,283 as is the case in the original 3-factor
model fit to the GDS 3027 dataset. In the bottom panel, to increase the number
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Fi¢ 6. The hexagonal-binned heatmaps each show the results of 25,000 Monte Carlo simu-
lations for the data-driven 3-factor model described in the text, using various nonnull effect
size pa and proportions of nulls mo. In each simulation, the BH method is applied at level
q = 0.1 to m = 22,283 test statistics. For each plot, the mean of the FDP is marked with a
solid triangle and the mean amongst nonzero FDP values is marked with a hollow diamond,
which estimate the FDR and pFDR respectively.

of tests and check asymptotic behavior, we copy each row of factor loadings
in the original factor model 25 times to get a distribution of the FDP when
m = 22,283 x 25 tests are conducted. That is much larger than we would need
for gene expression and approaches the range we would encounter for SNPs. In
case A, the CLT is reasonable for the larger but not the smaller sample size.
The CLT fits well for both sample sizes for case C. In Case B, the sufficient
conditions for the conditional CLT do not hold and Theorem 3 holds instead.
This simulation shows some bursty behavior for BH as follows. Cases A and
C are both covered by the conditional CLT and there we see that even in cases
covered by the conditional CLT, the FDP can vary greatly, being nearly Gaus-
sian with means varying by nearly 100-fold. When cases like case B arise there
is no conditional CLT and by Theorem 3, the BH rejection threshold converges
to 0 in probability. In case B, we observe a very heavy tail to the FDP dis-
tribution, although fewer than 1 out of every 5,000 Monte Carlo simulations
yields a nonzero FDP, and no simulation yields more than 1 false discovery. In
conclusion, the simulations are consistent with the results of Theorems 1 and 3.
A large FDP tail is not necessarily indicative of alarming bursty behavior
for BH, as the FDP can be equal to 1 in scenarios where there is only one
false discovery. Looking at the FDP simultaneously with the number of false
discoveries V,,, gives a clearer sense of whether the bursty behavior is alarming.
In Figure 6, we run 25,000 Monte Carlo simulations using the previously de-
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scribed data-driven 3-factor model. In contrast to Figure 5, we do not condition
on specific realizations of the latent factor w and we also plot the joint distri-
bution of the FDP and the number of false discoveries rather than the marginal
distribution of the FDP. In the simulations, we set the FDR control parameter
g = 0.1 and repeat the simulations for the nonnull effect size p4 € {2,4,6} and
for Bernoulli mixture null parameter o € {0.9,0.99,0.999}.

Remark 4. Controlling pFDR using Storey’s g-value is another popular mul-
tiple testing approach that is heralded for avoiding a flood of false positives
(Storey and Tibshirani (2003)). Our simulations show that when the effect sizes
are small and the number of nonnulls is sparse the pFDR, will be high, implying
that controlling the pFDR would mitigate the issue of burstiness in such cases.
When there are many nonnulls or when the effect sizes of the nonnulls are large,
the pFDR is nearly the same as the FDR (due to few simulations with no dis-
coveries), implying that controlling the pFDR would not mitigate the burstiness
in such cases.

7. Discussion

Here we discuss the conclusions that can be drawn from our theorems and
simulations about when BH exhibits alarming burstiness and when BH is safe
from burstiness concerns. We start with bursty settings.

Burstiness occurs when there are many strong, long-range correlations be-
tween the test statistics. When we model the long-range correlations via a factor
model, this phenomenon can be explained by Theorem 1. By Theorem 1, the
asymptotic limit of FDP,, | W is qFy(7:)/7+, a quantity that can vary dras-
tically for different realizations of W ~ N(0, I;). The variation in qFy(7,)/7.
is greater when the long-range correlations are stronger (or equivalently, when
the factor model loading vectors L,,; have larger magnitude). Therefore, the
FDP has high variability when there are many strong, long-range correlations
between the test statistics. Meanwhile, by Theorem 2, there could be a flood of
false discoveries, making the bursts severe. Our simulations from the 3-factor
model fit to the DMD dataset indicate a wide right tail of the FDP distribu-
tion as well as severe bursts (see the top-left panel of Figure 1 and Figure 6).
Notably, we find that sparsity of the number of nonnulls exacerbates burstiness
issues. This can be explained by Corollary 5 and is observed in Figures 4 and 6.

Conversely, our theorems and simulations indicate that there are many set-
tings where the test statistics are correlated, but the BH procedure is free of
burstiness concerns. When there are no long-range correlations, no factor model
is needed to model the correlations, so the variance of the FDP will decrease
rapidly as the number of tests increases, even when the short-range correlations
are strong. For example, in the setting of Corollary 1, FDP,, converges to a
quantity less than the desired FDR control ¢ and has variance of order 1/m,
even with strong short-range correlations. The simulations in the bottom of Fig-
ure 1 and all the panels of Figure 3 involve strong short-range correlations and
still demonstrate this desirable behavior (the desirable behavior is not seen in
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the panels of Figure 3 where m is small because, in that case, the “short-range”
correlations are actually long-range relative to the number of tests). Even when
there are long-range correlations but the long-range correlations are weak, mod-
eled by a factor model with loading vectors L,,; of small magnitude, the BH
procedure will not exhibit worrisome bursts. With loading vectors L,,; with
small magnitude, the asymptotic limit of FDP,, | W given in Theorem 1 will
not oscillate much as W ~ N (0, I,) varies. Indeed, in Figure 1, when the long-
range correlations are all reduced by a factor of 10 (as we move from the top-left
panel to the top-right panel), alarming burstiness is no longer observed.
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Appendix A: Background needed to prove Theorems 1, 2 and 3

This appendix contains results and definitions that we draw upon in order
to prove our theorems. They come from Peligrad (1996), Andrews and Pollard
(1994) and van der Vaart (1998).

A.1. Results and definitions from Peligrad (1996)

Peligrad (1996) gives a CLT for triangular arrays of dependent random vari-
ables. While that CLT does not assume stationarity, it does assume that the
array is strongly mixing (i.e., that the a-mixing coeflicients converge to 0) and
a constraint on the interlaced p-mixing coefficient of the array. Peligrad (1996)
defines the interlaced p-mixing coefficients in the same way we do in Equation
(4) (although we remark that there is typo in the definition originally pre-
sented in Peligrad (1996), as their equation (1.7) should involve a supremum
over dist(7,.S) > k rather than a supremum over k).

We restate results from Theorem 2.1 in Peligrad (1996) with notation conve-
nient for us.

Theorem A.1. Let {Y; : 1 <i < by} with limy, o0 by, = 00 be a triangu-
lar array of centered random variables, which is strongly mixing and has finite
second moments. Assume that limg_, ps«(d) < 1 and let 02, = Var( Zf:l sz’)-
Suppose further that the following two conditions are satisfied

k
1 Fm
sup —- E E(Y?,) < oo (22)

mormoi—
and for every € > 0,

k
1 fm
=y E E(Yn%il{|Ymi| > eom}) —0 asm — oo. (23)

m =1

Then o1 Zf;”l Vi & N(0,1) as m — 0.

This theorem, in conjunction with the Cramér Wold device, will later be
used to establish f.d.d. convergence of our empirical process (Wy0(+), Win1(+))
from (8) to a joint Gaussian process. In order to obtain an FCLT from f.d.d.
convergence we will need to introduce some definitions and results from Andrews
and Pollard (1994).
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A.2. Results and definitions from Andrews and Pollard (1994)

Andrews and Pollard (1994) use a chaining argument to provide an FCLT
for bounded function classes. Their FCLT does not require independence.

We first introduce some definitions from their paper. Let {Z,,; : 1 < i < m <
oo} be a triangular array of Y-valued random elements of a measurable space.
Define {a(d)}32, to be the sequence of a-mixing coefficients for this array. We
use F to denote a collection of bounded functions from ) to R.

Definition A.1. The seminorm function for the array {Z,,; : 1 < i < m <
oo} of Y-valued random variables is the function p that maps any real valued
function f on ), to a real number via the following equation

p(f) = sup \/E(f(Emi)?)- (24)

m,i
This p(-) can be used to define a seminorm on a collection of functions on Y.

Before stating the theorem we also restate Definition 2.1 of Andrews and
Pollard (1994) which gives the bracketing number.

Definition A.2. Let F be a function class and p be the seminorm function for
an array of random variables {=Z,,; : 1 <i < m < oo}, as in Definition A.1. For
0 > 0 the bracketing number N(§) = N(§, F,p) is the smallest natural number
N for which there exists functions fi,..., fy € F and functions by,...,by :
Y — R with p(b;) < ¢ for all i € {1,..., N} such that for each f € F, there
exists a j € {1,..., N} such that |f — f;| < b;. Here, |f — f;| < b; means that
|f(E) = £;(B)] < b;(E) for all = € Y, and we will use this shorthand notation in
the proof of Theorem B.1.

To relate the function class F to an empirical process we introduce the fol-
lowing operator v,.

Definition A.3. Let F be a class of real valued functions whose domain con-
tains the support of each individual entry in the array {=,,; : 1 <i < m < oo}.
For any m € Z, and any f € F, define

—i S =\ _ =
Unf = m;(f(Hmz) E(f(HmZ))) (25)

This operator v, maps individual functions in F to centered and renormal-
ized random variables. It defines an empirical process indexed by the elements
of F. We are now ready to restate the FCLT given in Corollary 2.3 of Andrews
and Pollard (1994).

Theorem A.2. Let {Z,,; : 1 <i < m < oo} be a strongly mizing triangular
array whose a-mizing coefficients {a(d)}52, satisfy

ZdQ*Qd(d)’v/(QVy) < 00 (26)
d=1
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for some even integer Q > 2 and some v > 0. Let p be the seminorm function
for the array {E,; : 1 < i < m < oo} as given in Definition A.1, and let F
be a uniformly bounded class of real-valued functions whose bracketing numbers
(Definition A.2) satisfy

1
/ 2V CEIN (2, F,p)V/ Qe < oo (27)
0

for the same Q and ~y. Finally, let v, be the operator from Definition A.3.
If (Wmfi,-..,Umfr) converges to a multivariate Gaussian distribution for all
ke€Zy and fr,...,fr € F, then {vpm f : f € F} converges in distribution to a
Gaussian process indexed by F with p-continuous sample paths.

We will now clarify what p-continuous sample paths and “convergence in dis-
tribution” in the above theorem mean. We start by clarifying what p-continuity
of sample paths for a Gaussian process means.

Definition A.4. Let F be a function class, let p be a seminorm, and let Wz be
a Gaussian process indexed by F, defined on the probability space €. Note that
for each f € F, Wx(f) is a real valued random variable with a univariate normal
distribution, and for a fixed w € Q, Wx(f)(w) € R is a specific realization of
that random variable. Fixing w € Q, we say that Wz (-)(w) has a p-continuous
sample path at f if for all € > 0, there exists an n > 0 such that |[Wx(f)(w) —
Wr(g)(w)| < € holds for any g € F with p(f — g) < n. We say Wx has p-
continuous sample paths, if for every w € Q and f € F, Wx(-)(w) has a p-
continuous sample path at f.

For a fixed m, the process {v,,f : f € F} is not guaranteed to be Borel
measurable. Chapter 9 of Pollard (1990) raises caution about measurability is-
sues of such empirical process and page 9 of Dudley (1999) provides an example
showing that the empirical process of IID Unif[0, 1] random variables is not
guaranteed to be measurable with respect to the sup-norm topology. To skirt
around these measurability issues, we will use a modified notion of convergence
provided Definition 9.1 of Pollard (1990). Introducing the modified notion of
convergence allows us to use the FCLT from Andrews and Pollard (1994) (re-
produced in Theorem A.2) and ultimately allows us to extend upon the results
of Delattre and Roquain (2016), which use a different FCLT.

We reproduce the modified definition of convergence in distribution below.
Some readers might prefer to skip this definition and to instead treat everything
as measurable so that the outer expectation and the expectation are the same
and so that the standard notion of convergence in distribution is interchangeable
with the modified definition.

Definition A.5. Let {X,,}°2, be a sequence of functions from a probability
space {2 into a metric space X' (not necessarily Borel measurable), and let X be
a Borel measurable map from 2 into X'. For any bounded real valued function
f, E(f(X,)) is not necessarily well defined, so we define E* to be an operator
that gives the outer expectation of a real valued function on 2. In particular, if



/A CLT for the BH FDP under a factor model 31

H is a real valued function on €2, then
E*(H) = inf{E(U) : H < U, and U is measurable and integrable}.

We say that X,, converges in distribution to X, if for every bounded, uniformly
continuous, real valued function f on X, lim, . E*(f(X,)) = E(f(X)).

Throughout the text we will use the operator L, in the statements such as
X, 2, X to denote convergence in distribution in the sense of Definition A.5.

A.3. Results and definitions from van der Vaart (1998)

In the proof of Theorems 1 and 2, we will rely on some definitions and theo-
rems from van der Vaart (1998). Most notably, we need to introduce the notion
of Hadamard differentiability and the functional delta method from van der
Vaart (1998). The functional delta method is defined for an alternate defini-
tion of convergence in distribution, provided in Chapter 18.2 of van der Vaart
(1998), which turns out to be equivalent to Pollard’s (1990) notion of conver-
gence in distribution in Definition A.5. We reproduce the alternate definition of
convergence in distribution provided in Chapter 18.2 of van der Vaart (1998)
below.

Definition A.6. Given a sequence {X,,}22 ; of random variables X,, converges
in distribution to X, in the sense of Chapter 18.2 in van der Vaart (1998), if
limy, 00 E*(f(X7)) = E(f(X)) for all bounded, uniformly continuous functions
f, where E* denotes outer expectation.

Remark A.1. We can equivalently define P, to denote convergence in dis-
tribution in the sense of Definition A.6 because this notion of convergence in
distribution is equivalent to the one provided in Definition A.5.

Proof. Definition A.5 states that X,, converges in distribution to X if and only if
lim,, oo E*(f (X)) = E(f(X)) for all bounded, uniformly continuous functions
f. Definition A.6 states that X,, converges in distribution to X if and only if
limy, 0o E*(f(X5)) = E(f(X)) for all bounded, continuous functions f (which
need not be uniformly continuous). Clearly, if convergence in distribution holds
in the sense of Definition A.6, it will hold in the sense of Definition A.5. To
show the converse note that if lim,, ., E*(f(X,)) = E(f(X)) for all bounded,
uniformly continuous functions f, then lim,, . E*(f(X,)) = E(f(X)) for all
bounded, Lipschitz functions f, but by the Portmanteau Lemma (Lemma 18.9
in van der Vaart (1998)) this is equivalent to lim, ., E*(f(X,)) = E(f(X)) for
all bounded, continuous functions f. The notions of convergence of distribution
in Definitions A.5 and A.6 are therefore equivalent. O

In our proofs of Theorems 1 and 2, it will also be helpful to introduce the
alternate definition for convergence in probability of non-measurable real val-
ued functions from a probability space, seen in Chapter 18.2 of van der Vaart
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(1998), and to derive Slutsky’s lemma for our alternate notions of convergence
in distribution and convergence in probability.

Below, we reproduce the alternate notion of convergence in probability seen
in Chapter 18.2 of van der Vaart (1998).

Definition A.7. If {X,,}5° , is a sequence of functions from a probability space
Q into a metric space (X,d), we say that X,, converges in probability to X if
for all € > 0, lim,,_, oo P*(d(X,,, X) > €) = 0. Here, P* denotes outer probability
measure since neither X,, nor d(X,,, X) needs to be Borel-measurable. Through-

out the text, we will use the operator P, to denote convergence in probability
in the sense of this definition.

We will need to use Slutsky’s lemma for our alternate definitions of conver-
gence in probability and convergence in distribution, which we state and prove
below by directly applying Theorems 18.10(v) and 18.11(i) from Chapter 18.2
of van der Vaart (1998).

Lemma A.1. (Slutsky’s lemma). If X, D X and Y, e for some constant
c, then X, +Y, ’D%XJrc.

Proof. Suppose X, D, X and Y, e Then, by Theorem 18.10(v) in van der

Vaart (1998), (X,,Ys) EEN (X, ¢). By the continuous mapping theorem (Theo-
rem 18.11(i) in van der Vaart (1998)) since (Z1, Z3) — Z1 + Zs is continuous,

it follows that X,, +Y, 2 X +c. O

Since our proofs of Theorems 1 and 2 rely heavily on the concept of Hadamard
differentiability and on the functional delta method, we reproduce the defini-
tion of Hadamard differentiability as well as the functional delta method from
Chapter 20.2 of van der Vaart (1998) below.

Definition A.8. (Hadamard differentiability). Let I, F be normed spaces, let
¢ : Dy — F be a map defined on a subset Dy C I, and consider an element
0 € Dy. Further, let Dy be a different subset of . We say that ¢ is Hadamard
differentiable at 6 tangentially to the subset Dg if there exists a linear map
¢y : Do — F such that for any h € Dy and collection of elements of D (k)0
satisfying both limy o ||hy — hljp = 0 and {8 + thy : t > 0} C Dy,

H P(0 + thy) — ¢(6)
t

This map ¢ : Dy — T, if it exists, is said to be the Hadamard derivative of the
function ¢ at 6 tangentially to the subset Dj.

Theorem A.3. (Functional Delta Method) Let D and F be normed linear spaces
and let ¢ : Dy €D — F be Hadamard differentiable at 0 tangentially to Dy C D
with Hadamard derivative at 8 tangentially to Dy given by the linear map ¢y :
Dy — F. Let {T,,}32, be a sequence of maps from our probability space to Dy

- ¢’9(h)HF 0 astlo.

such that rn (T, — 0) D7 for some sequence of numbers r, — 0o and a Dy
valued random variable T. Then ry, (¢(T,,) — ¢(6)) EEN &p(T).
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Proof. See Theorem 20.8 in van der Vaart (1998). O

Appendix B: Proof of Theorems 1, 2, and 3
B.1. Helpful results for proving Theorems 1 and 2

In this section of the appendix we develop results to prove Theorems 1, 2 and
3. We start with a helpful lemma.
Lemma B.1. Under the conditions of Theorem 1, there is a constant C' < 0o
such that for r € {0,1} and 1 < i< m < o0

Sup. i () = Yonin ()| < CIt = 5. (28)
(t,5)€la,b]?

Proof. For any r € {0,1} and 1 < i < m < oo, note that the derivative of
Ymir(t) with respect to t satisfies

©(0) ©(0) 1 1 _
(@1 () v1— 5L S VoS {cp(@*l(a))’ @(flfl(b))} =¢

by the argument used in the proof of Proposition 1. Since C' does not depend
on 7, i or m, this completes the proof. O

Vi ()] < max

We now define the joint Gaussian process on [a,bls to which
(Win0(-), Win,1(-)) converges in distribution and start by proving f.d.d. con-
vergence.

Definition B.1. We define (W, W) be a joint Gaussian process on [a, b] with
mean zero and joint covariance kernel c.

We note that (WO, Wl) is well defined because c is a symmetric and positive
semidefinite joint covariance kernel.

Proposition B.1. Under the conditions of Theorem 1, (W0, Wi 1) fdd.,

(Wo, W1).

Proof. Fix any k € N and fix any ¢1,...,tx € [a,b] and ry,...,7p €
{0,1}. Define ¥ € RF*F to be the covariance matrix given by Yy =
crer) (. ty) for 1,10 € {1,...,k}. To show f.d.d. convergence we must show

that (W, (t1),- -+ W () 4 N(0,%). By the Cramér-Wold device, it

suffices to show that Zle aWnr, (1) 4, N(0,a™a) for any a € R*.
In the case where a'Xa = 0,

k k k
VaI‘( Z ale,rl (tl)> = Z Z alal/c%l’rl’)(tl, tl/) — aTEa = 0,

=1 I=10=1

as m — oo. Then by a trivial application of Chebyshev’s inequality we have
Zle AW (81) 4 N(0,a"Xa) for this case.
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Now fix @ € RF satisfying a'Ya > 0 because it remains to show

Zle Wnr (t1) 4, N(0,a"a) in this case. To show this, we will use a result
from Peligrad (1996). For 1 < i < m < oo define

k
i = Z ( mzml{q) Emi + Lmzw + ,UATZ) < tl} — Ty Ymir (tl))al

Clearly E(Y;,;) = 0 for all m,i. Note that |Y;,;| < k|/al|sc which implies that
E(Y2,) < k?||a||%, < co. Hence, {V,,; : 1 <i < m < oo} is a triangular array
of centered variables with finite second moments.

Now since Y;,,; can be written as a measurable function of &,,; for each m and
i, the a-mixing coefficients and the p,-mixing coefficients of the array {Y;,; :
1 <4 < m < oo} must be at most as large as the a-mixing and p.-mixing
coefficients of the array {&,; : 1 < i < m < oo} respectively. Combining this
observation with Condition 1, it is clear that the array {Y;,; : 1 <i < m < oo}
is a-mixing (strongly mixing) and combining the observation with Condition 2
it is clear that the p, mixing coefficients of {Y;,; : 1 < i < m < oo} have a
limit that is strictly less than 1.

Therefore, to apply Theorem A.1 to the strongly mixing array {Y,,; : 1 <i <
m < oo}, it remains to check (22) and (23). To check them note that because

Ciy Yoms = Vi Ly W, (1),
(Zymz) = mz Z aap T (1 1) = m(a"Sa +o(1)). (29)

I=11=1

Since clearly >, Y,,; takes on different values with positive probability it
follows that o2,/m > 0 for all m. Combining this with (29) and a"Xa > 0, it
follows that inf,, 02, /m > 0. Inequality (22) holds for our array {Y,,; : 1 <i <
m < oo} because

i mk2||a||<2>o _ ka3
— S o2, inf,, 02,/m

i=

T
It is easy to see that (23) holds because lim;, ,~ 0, = oo while for all m, i,
|Y:ni| is bounded above by the finite value k| @||oo-

Since (22) and (23) both hold, by Theorem A.1 o,,' -7, Y, 4 N(0,1) as
m — oo. Therefore,

k m
Wm T t j— Ymi
ZlZI a 5 l( l) o szl i> N(O, 1)

oz, /m  Om
By (29), limy, 00 \/02,/m/VaT2a = 1, so multiplying each side of the above
stochastic convergence by +/02,/m/vVa"%a and applying Slutsky’s lemma
shows that 31 a; Wy, (t1) 4 N(0,aTSa) as desired.

O
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Now that we have established (Wi, .0, Win1) fdd, (WO, W1) we can derive an
FCLT for (W, 0, Win,1) by applying a result from Andrews and Pollard (1994),
which is based on a chaining argument. The FCLT uses a slightly modified
definition of weak convergence which can be applied to a sequence of non-Borel

measurable D|a, b]2-valued random variables (see Definition A.5 or equivalently
Definition A.6.)

Theorem B.1. Under the conditions of Theorem 1, (Wi, 0, Win1) N (Wo, W1)
where (Wo, W) € Cla,bla almost surely and (Wy, W1) is a joint Gaussian pro-
cess with mean zero and joint covariance kernel c.

Proof. The proof is lengthy and so we split it into a sequences of steps as follows:
1) Defining the function class F and seminorm p that we need in order to use
Theorem A.2, the FCLT from Andrews and Pollard (1994),
2) computing the bracketing number N (z, F,p),
3) checking the FCLT conditions,
4) applying the FCLT,
5) defining limiting processes Wy and Wi, and finally
6) verifying that (Wy, W1) € Cla, bls.

Defining the relevant function class, F, and seminorm, p. First,
for each m,i recall that £,;, = emi/\/1— ||Lml|3 has unit variance. Let
{émi 1 <4 < m < oo} be an expansion of our triangular array where
Emi = (mi» Hmi, Limi, w). Because L,; and w are deterministic and | Loill3
is bounded away from 1 by Condition 3, the arrays {&,; : 1 <i < m < oo}
and {(Hpi,emi) : 1 <1< m < oo} have the same a-mixing coefficients. These
coefficients {a(d)}32, satisfy Condition 1. Now define Y = R x {0, 1} x RF x R¥,
and define f : ) x ([a, 0] x {0,1}) — [0,1] via

O 1(t) - LTw — uAr)}
V1-|[L[3 '
For (t,7) € [a,b] x {0,1}, note that f(émi, (t,r)) = Hpir I{®(E i) < Ymir (1)}

The function class we will use includes the various restrictions of f to a fixed
t € [a,b] and r € {0,1} while &, H, L and w vary:

F= {f(7 (t,r)) : (t,r) € [a,b] x {0,1}}. (30)

(6, H,L,w), (t,r)) = I{H = r}I{fb(é) < cp(

Letting p be the seminorm function for the array {g,m 1 <i<m< oo}
given by Definition A.1, observe that for t,s € [a,b] and r € {0,1} a simple
computation gives

p('f(? (tvr)) - f(ﬂ (S, 1”))|) = Sn];lfz) \/ﬂ—?(“m)hmij(t) - ’Ymij(s)‘ <V C‘t - S|, (31)

where the inequality follows from Lemma B.1.
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Computing the bracketing number N(z,F,p). To apply the FCLT (The-
orem A.2), we must first compute an upper bound on the bracketing number
N(z,F,p) for each z > 0 . Fixing = > 0, take N, = [C(b— a)/z?]. For each
le{l,...,N,,N,+1} and r € {0,1} define

fl,r = f('a(a+ (b_ a)(l - 1)/N*7T))7

and for 1 <1 < N, define b, = fi+1,— fi»- Note for a given f € F\{f1,0, f1.1},
since f = f(-, (t«, 7)) for some (t,,7,) € (a,b] x {0,1} we can choose r = r, and
le{1,...,N,} such that t, € (a+ (b—a)(l —1)/N.,a+ (b—a)l/N,], and it is
easy to check that |f — fi | < b;. Adding the trivial cases of f € {f1,0, f1.1} it
follows that for any f € F, there exists an I € {1,..., N} and r € {0,1} such
that | f — fi.r| < by,. Furthermore, for any [ € {1,..., N.} and r € {0,1}, by
applying Inequality (31),

p(bl,T’) = p(flJrl,r - fl,r) < \/m <z

Thus, we showed that there exists functions fi0,..., f~. 0, f1,1,.-., fnv.1 € F
and functions b1 ,...,0n,,0,01,1,---,0n,1 * ¥V — R, satisfying p(b;,) < z
for all (I,7) € {1,...,N.} x {0,1}, such that for any f € F there exists an
(I,r) e {1,...,N.} x{0,1} for which |f — fi.»| < by,. Hence, by Definition A.2,
N(x, F,p) < 2N, = 2[C(b — a)/2?*], and this argument holds for any x > 0.

Checking the conditions for the FCLT of Andrews and Pollard (1994)
(Theorem A.2.) Letting Q > 2 be the even integer and v > 0 be the number
guaranteed by Condition 1, we find that

1 1 1
C(b— o]
/ J:*ﬁN(m,}',p)édxé/ T (2{%—‘)de<00. (32)
0 0
The integral above is finite because v/(2 +v) +2/Q < 1. The a-mixing coeffi-
cients of {&mnq, 1 < i< m < oo} are a(d) which satisfy Condition 1. Therefore,

D d92a(d) 7 < . (33)
d=1

Applying the FCLT of Andrews and Pollard (1994) (Theorem A.2.)
By (32) and (33), since F is a uniformly bounded class of real-valued functions,
and since {«Emi, 1 <4 < m < oo} is strongly mixing triangular array, we are in
the setting of Theorem A.2. To obtain an FCLT it therefore remains to check
that for any f1,..., fx € F, Wmf1, .., Vmfr) converges in distribution to a mul-
tivariate Gaussian as m — oo, where v, is the operator from Definition A.3.
This is indeed the case because for any f € F there exists a (¢,7) € [a,b] x {0,1}
such that v, f = W, () and because by Proposition B.1 (W, 0, Wy,.1) con-
verges in f.d.d to a Gaussian process on [a,b] x {0,1}. Thus applying Theorem
A.2, it follows that the stochastic process {v,,f : f € F} converges in distribu-
tion to a Gaussian process indexed by F which has p-continuous sample paths
in the sense of Definition A.4, where convergence in distribution is in the sense
of Definition A.5.
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Defining (Wy, W;) in terms of Wr. Let Wx be the Gaussian process on F
to which {vp, f : f € F} converges. For (¢,7) € [a,b] x {0,1} we define W,.(t) =
Wxr (f(, (t,r))). By considering the correspondence between F and [a, b] x {0, 1}
where for any f € F, vy, f = W, (t) for some unique (¢,7) € [a,b] x {0,1}

because {v, f : f € F} Ly W it is clear that (W0, Win1) 2, (Wo, Wy). This

of course implies that (W0, Win.1) Lddy (Wo, W1). But since by Proposition

B.1, (W0, Win1) fdd, (I/T/O7 Wl) it follows that (Wy, W;) has the same finite

dimensional distribution as (W, W1), so (Wp, W1) is indeed a joint Gaussian
process with mean zero and joint covariance kernel c.

Checking that (Wy,W;) € Cla,b]2 always, using p-continuity of Wr.
It remains to show that (Wp, W1) € Cla,bls always. To check this let € be
the probability space on which {émz} are defined. Fix any w € 2, and we will
show that (Wo(-)(w), Wi(-)(w)) € Cla,bls. To do this, further fix any ¢ € [a,b],
re{0,1} and € > 0. Let g = f(-, (t,r)). Since Wx(-)(w) is p-continuous at g,
by Definition A.4, there exists an 7 > 0 such that if f € F with p(f — g) < 7,
then [Wx(f)(w)—Wx(g)(w)| < e. Taking such an 7, define 7, = n?/C. We must
show that |W,.(t)(w) — W,.(s)(w)| < € for any s € [a,b] with |t — s| < 7. Let

s € [a,b] with [t — s| < n,. Define h = f(-, (s,r)) € F. By (31),

p(h—g) <V/COlt —s| </Cnu=n

which, by a previous claim, further implies |Wx(h)(w) — Wx(g)(w)| < €. Now
from definition of W,., we get |[W,.(s)(w) — Wy.(t)(w)| < €. Thus, we have shown
that for any € > 0 there exists 1, > 0 such that if s € [a,b] and |t — 5| < .
then |W,.(t)(w) — Wi.(s)(w)| < €. Hence, W,.(-)(w) is continuous at ¢. Since this
argument holds for any (¢,7) € [a,b] x {0,1}, (Wo(-)(w), W1(-)(w)) € Cla,bls.
Since this holds for any w € Q, (Wy, W1) € C|a, b2 always.

O

With some manipulation of the previous result, we can obtain the following
result, which sets us up for using the functional delta method (Theorem A.3).

Corollary B.1. Under the conditions of Theorem 1, (Wm,O,Wmﬁl) 2>

(Wo, Wh) where (Wy, Wh) € Cla, bla almost surely and (Wy, Wh) is a joint Gaus-
sian process with mean zero and joint covariance kernel c.

Proof. Observe that

(Wm,07 Wm,l) = (Wm,Oa Wm,l) + (\/E(Fm,o - F0)7 \/E(Fm,l - Fl))

where by Condition 8, the right hand term deterministically converges in C|[a, b2
with respect to the sup-norm to (0,0) € Cla, b]2, and hence, it also converges in
probability to (0,0). Therefore, by Slutsky’s lemma (Lemma A.1) and Theorem
B.1, (W0, Win1) 2, (Wo, W1). Also by Theorem B.1, (W, W;) € Cla, b2
almost surely and (Wy, W7) is a joint Gaussian process with mean zero and
joint covariance kernel c. O



/A CLT for the BH FDP under a factor model 38

To derive CLTs for FDP,, and V,,,/m from an FCLT for (VAVWO, mel) we
must apply the functional delta method. To make this precise, we define some
functions. First, we define 7 : D[a,b] — [a, b] via

T(H) = sup{u € [a,b] : H(u) >u/q} (34)

for all H € DJa, b]. The Simes point is 7. = 7 (G). Next, define R : D[a, bl = R
as
R(Ho, Hy) = (Ho + Hy)(T (Ho + Hy)) (35)
for all (Hy, H1) € Dla, bl2. Now for (Hy, H1) € Dla, b]2, define real-valued FPR
and FDP functions
wEPR) (1, Hy) = Ho (T (Ho + Hy)), and (36)
Ho(T(Ho + Hy)) ~ UEPR(FH, Hy)

WFPP) (F, Hy) = (Ho + Hy)(T(Ho+ Hy))  R(Ho Hy) (37)

Our goal is to compute the Hadamard derivative of both W(FPR) and w(FPP)
at the point (Fp, F1) € Cla,b]2 tangentially to Cla,b]o. While the supplement
of Delattre and Roquain (2016) calculates the Hadamard derivative of ¥(FPF)
at (Fp, F1) in the case where Fy(t) = mot, our Hadamard derivative calcula-
tion comes out differently because, in our setting, Fy is not necessarily linear
with slope mo. To compute the Hadamard derivative for W(FPR) and w(FEDPP)
at the point (Fp, F1) tangentially to Cla,bls, it is helpful to first calculate the
Hadamard derivative of T at (Fy, F1) tangentially to C[a,bl2. To compute the
latter, we mimic the calculations seen in Neuvial (2008), reproving some of their
results in order to generalize from functions defined on D[0,1] to functions de-
fined on Dia, b] and to situations where Fy is not linear with slope my. We chose
to reproduce the proof for Hadamard differentiability of 7 at (Fp, F1) tangen-
tially to C[a, b]2 rather than reference to the result from Neuvial (2008) in order
to avoid generalization and notation misinterpretation errors and in order to
familiarize the reader with Hadamard derivative calculations which, regardless,
are needed for WFPR) in our setting. The proofs of Hadamard differentiability
and the calculations of the Hadamard derivative of both W(FFPR) and @(FPP)
at the point (Fy, Fy) € Cla, bz tangentially to Cla, bl are carried out in Ap-
pendix C. Some readers may prefer to skip Appendix C because it only contains
Hadamard differentiability proofs and because the proof methodology is similar
to that in Neuvial (2008).

With the Hadamard derivatives of WFPF) and WFFR) at (Fy, Fy), we can
apply the functional delta method (Theorem A.3) to the result of Theorem
B.1 to get a CLT for \II(FDP)(FmWO,Fm,l) and \II(FPR)(FmVO,mel). However,
we are primarily interested in CLTs for FDP,, and V,,/m, so we prove the
following lemma to help us derive CLTs for FDP,, and V,,/m using CLTs for

\I/(FDP)(Fm,Oa Fm,l) and @ (FPR) (Fmao’ Fmal)'
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Lemma B.2. Under the conditions of Theorem 1,

Vm(FDP,, — PP (f o Fr 1)) B0 and
(Vi fm — OEPR (B o Fry)) 250

as m — oo, where P, denotes convergence in probability in the sense of Defini-
tion A.7.

Proof. To prove this, define n = (G(a) — a/q)/2 > 0. We will show that when-
ever |Gy,(a) — G(a)| < n, both FDP,,, = WFPPN(E o F. 1) and V,,/m =
GEPR) (B o Fp1). To do this, note that |Gy, (a) — G(a)|] < 7= Gyn(a) > a/q
because if |G, (a) — G(a)| < n, then

Gum(a) — g = Gum(a) — Gla) + G(a) — g = Gmla) — Gla)+2n >n > 0.
Thus, letting 7gH,»m be the Benjamini-Hochberg threshold when applying the
procedure at level-g to the first m p-values (with ECDF G’m),

|ém(a) —G(a)| < n= TBHm = sup{t €10,1] : G(t) = E}; a.

Noting that 7., < b always (because b > ¢ and G, < 1), it follows that
TBH,m = sup{t € [a,b] : G (t) > t/q}= T(Grm) whenever |G, (a) — G(a)| < 7.
Now, since

FDPm — Fj\m,O(TBH,m) nd \I/(FDP) (Fm,(), Fm 1) — }im,O(T(AG(m))7
G (TBH,m) G (T(G))
while
Vin f; (FPR) [ 2 P A
= Fo(merm) - and WP (E 0, Ft) = Fno(T(Gm)),

,0 ).
Now note that by Proposition B.1, (W, o(a), Wi, 1(a)) 4 ( O(a),Wl(a)).
Since Condition 8 implies \/m(Fy, 0(a) — Fo(a), Fn1(a) — Fi(a)) 2, 0, by Slut-
sky’s lemma we get

o] = imste] + v [t = ] = [

)

Then the continuous mapping theorem implies that Wi, o(a) + W1 (a) 4,
Wo(a) + Wi(a) or, equivalently, that \/E(G‘m(a) — G(a)) 4 Wo(a) + Wi(a)
where Wy(a) + Wi(a) is a Guassian random variable with finite variance. It
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follows that |G (a) — G(a)| 2 0 which, by the definition of convergence in
probability, implies that lim,, ., P(|Gm(a) — G(a)| = n) = 0. Now fixing € > 0
and letting P* denote outer probability measure, it follows that

0 =limsup P(|Gp(a) — G(a)| = n)

m—r oo

> limsup P*

o P
(

FDP,, # WFPP)(F, o Fm,l))

> limsup P*

m—r oo

Vm(FDP,, — VPPN (E, o F ) > 6)

by the fact that FDP,, # UFPPN(E, o F, 1) = |Gn(a) — G(a)] = n and by
monotonicity of outer probability measure. A similar argument shows that,

0 > limsup P* (\/E(Vm/m - \P(FPR)(FWO, le)) > e).
m— 00

Since this holds for any ¢ > 0 and since outer measure is nonnegative, by the
definition of convergence in probability in the sense of Definition A.7 we get the
desired result. O

B.2. Proofs of Theorem 1 and 2

_ Assume that all of the conditions of Theorem 1 hold. By our definition for
Wino and Wy, 1 in (8) and by Corollary B.1,

m((ﬁm’ovﬁm,l) - (Fo, 1)) 2, (Wo, Wh) (38)

where (Wy, W1) € Cla,blz and is a joint Gaussian process with mean zero and
joint covariance kernel c.

Since according to Propositions C.4 and C.2, both ¥FPP) and ¢EFPR) are
Hadamard differentiable at (Fy, Fy) tangentially to C[a,b]2, by applying the
functional delta method (Theorem A.3) to (38) we get

V(WP (B, ) = WD (Ey, ) ) 2 WG (Wo, Wh) - (39)

and

- - D+ (FPR
m(W(FPR)(Fm,mFm,l) _ \IJ(FPR)(FO,F1)> = \]j/EFO,F?l)(W()’Wl). (40)
Now, by Lemma B.2, m(FDP,, — WEPP)(F, o £, 1)) D5 0 and
\/TTL(Vm/m — p(FPR) (Fm,07pm,,1)) r, 0, so adding these terms that converge
to 0 in probability to the left hand sides of (39) and (40), respectively, and
applying Slutsky’s lemma (Lemma A.1), we find that

\/E<FDPm - \IJ<FDP)(F0,F1)) 2 U (Wo, W) (41)
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and

Vin .

Now noting that UFPP)(Fy F) = Fy(7.)/G(1.) = qFo(r.)/7 and that
UFPR)(Fy, Fy) = Fy(7.) and recalling the formulas for \I/EEOD’E) and \I/EEOP’Q)
from Propositions C.2 and C.4, (41) and (42) simplify to

\/%(FDPm - M) 2,4 ((1 + o) Wo(r) + awl(T*)) (43)

Tx Tx

and
/

\/ﬁ(% - FO(T*)) 2y Wolr) + %(Wo(n) FWA(n).  (44)
We now remark that for a finite m, FDP,, and V,, are Borel measurable
random variables, because they take on finitely many possible values and each
value they take on can be written as finite unions and intersections of measurable
sets. Because FDP,,, and V,,, are Borel measurable random variables, the notion
of convergence in distribution in Definition A.6 that is referenced in (43) and
(44) is interchangeable with the standard notion of convergence in distribution,

which we denote with the symbol . Combining this with the fact that (Wo, W1)
is a joint Gaussian process with mean zero and joint covariance kernel ¢, we get
that (43) and (44) simplify to

ﬂ(FDPm _ M) 4 N(0,02) (45)
Tx
and v
V(2™ = Fo(r.)) % N(0,0%) (46)
m
where
2
o2 = % ((1 + )% (7, 1) 4+ 2a(1 + ) (1, 1) + a?cBV (7, T*))

and where, defining 8 = F)(.)/ca = Fj(m.)/(1/q — G'(7+)),
oh = (1+ 8)2c% (r, 1) + 28(1 + B)cM (7, 1) + B2 (7, 7).
Since equations (45) and (46) hold under the conditions of Theorem 1, we have

thus proved Theorems 1 and 2. O

B.3. Proof of Theorem 3

Set [a,b] = [0,1] and fix the W = w € R¥ on which we condition and
suppose that the conditions of Theorem 3 hold. Fix € € (0, q), and we will show
that limy,— 0o Pr(7Ba,m < €) = 1. To do this, define 9¢ : [0,1] — R, to be the
function given by ¥ (t) = G(t) — t/q. Since 7. = 0, g (t) < 0 for all ¢t € (0,1).
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By Proposition 1, ¢¢ is continuous on [e, g, so by the extreme value theorem,
e attains a maximum at some tyax € [€, ¢]. Because g (tmax) < 0, it follows
that letting 6 = =g (tmax) > 0, Ya(t) < =0 for all ¢ € [e, q].

Now for [ € N, define ¢; = lq§/2, and let Ls = {l : t; € [e,q|}. Let Ts =
{g} n{t; : 1 € Ls}. Ts is a finite set. Let

Ay = ({Gm(t) —t/q < —5/2}.

teTs

We will first show that A,, C {TBum < €}, and then we will use this to show
that lim,— 0o Pr(7u,m < €) = 1. To prove the former, suppose the event A,
occurs and take any t € [¢,1]. If t > ¢, then G\, (t) —t/q < 0, since G, (t) < 1.
If instead ¢ € [e, ¢], there exists a t+ € T5 such that t+ — ¢ € [0, ¢6/2). Therefore,
since GGy, is non-decreasing,
. ty tr—t & 4
Gn(t) — - <Gnty) ——+ — < —-+ - <0,
(02 <bmlt) =T+t <240
where the second to last inequality holds under the event A,,. Thus under the
event A, Gy, (t) —t/q < 0 for all t € [¢, 1], implying that A, C {Teu,m < €}.
To show that lim,, oo Pr(78u,m < €) = 1, note that the proof of Propo-

sition B.1 holds when Conditions 1, 2, 3, 4, and 6 hold, implying that

(Wm0, Win.1) fdd, (Wo, W1) where (W, W1) is a joint Guassian process on

[0, 1] with mean zero and joint covariance kernel ¢. Since Condition 8 holds for

[a,b] = [0,1], by Slutsky’s lemma, (W0, Wyn.1) fdd, (Wo, W1). By the con-

tinuous mapping theorem, meo + Wm,l fdd, Wo + Wy which implies that
(Wino(t) + Wm,l(t))tETs
Since Wy o(t) + Win1(t) = v/m(Gm(t) — G(t)) and since Tj is a finite set,
if we let B, be the event that |G,,(t) — G(t)] < §/2 for all t € Ty, it is
clear that lim,, - Pr(B,,) = 1. Now note that if B,, occurs A,, occur, since
G(t) —t/q < —0 for all t € [e,q]. Because By, C A, C {mBum < €} and
limy, 00 Pr(Bp,) = 1, limy, 00 Pr(mem,m < €) = 1. The above argument holds

converges in distribution to a multivariate Gaussian.

for any € > 0, so by nonnegativity of T8t m, TBH,m 0.
To show that V;,,/m 250, fix € > 0. Note that if TBH,m < ¢€/2, then
Vin

H = Fm,,O(TBH,m) g ém(TBH,m) g ém(qe)

€
<q—:e

where the last inequality holds because, if it did not hold, there would be a
contradiction to Tu,m < ge/2. Therefore, Tau,m < ¢€/2 = Vi/m < €, and
so by the result of the previous paragraph, lim,, ., Pr(V,,/m < ¢) = 1. By
nonnegativity of V;,/m it follows that V;, /m £ 0. O
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Appendix C: Hadamard derivative calculations for proofs of
Theorems 1 and 2

Recall that our goal is to compute the Hadamard derivative of both W(FFPR)
and WFPP) at the point (Fy, Fy) € Cla,b]y tangentially to Cla, bly. We start
by computing the Hadamard derivative of T (defined in Equation (34)) at G
tangentially to Cla, b], but to do this, it first helps to prove the following modified
version of Lemma 7.7 and Proposition 7.8 in Neuvial (2008).

Lemma C.1. For any F € Dla,b] such that T (F') € (a,b), one of the following
must hold:

(1) F(T(F))=T(F)/q, or
(i) F(T(F)) < T(F)/q <limgrr) F(1),

where case (i) will hold whenever F is monotone nondecreasing.

Proof. Fix F' € Di|a,b] such that T(F) € (a,b). Assume by way of contra-
diction that F(T(F)) > T(F)/q. By right continuity of ¢ — F(t) — t/q,
there exists a sequence of ¢, | T(F) (where t, € (a,b) for all n) such that
limy, o0 F(tn) — tn/q = F(T(F)) — T(F)/q > 0, implying that for some
n € N, F(t,) — t,/q > 0. But that implies that for some t, € (a,b) and
tn > T(F), F(tn) = t,/q, contradicting the definition of 7 (F'). Hence it follows
that F(T(F)) < T(F)/q always. If F(T(F)) = T(F)/q, then we are in case (i),
and otherwise, F(T(F)) < T(F)/q. Now if F(T(F)) < T(F)/q, by definition
of T(F'), there exists a sequence of t, T T(F) such that F(¢,) — t,/q > 0.
So taking the limit as n — oo of each side, since F' always has existing left
limits, limyg () F'(t) — T(F)/q = 0. Hence whenever F(T(F)) < T(F)/q,
T(F)/q < limyg(p) F(t), so case (ii) will hold. When F' is monotone non-
decreasing case (i) holds because the RHS in case (ii) is bounded above by
F(T(F)) for monotone nondecreasing F. O

Using this Lemma and an approach similar to Neuvial (2008), we can calcu-
late the Hadamard derivative of T at G tangentially to C|[a, b]. The proposition
below involves the following constant which will be convenient to define for the
remainder of the appendix:

cg=1/qg—G'(1.) >0 (47)

To see why this constant is positive, note that by Proposition 2 and our
definitions of 7, and the interval [a, b], 7. is the unique point in [a, b] where the
function ¢t — G(t) —t/q crosses from a positive to negative value (and does not
merely touch zero).

Proposition C.1. T is Hadamarad differentiable at G, tangentially to Cla, b]
with Hadamard derivative at G given by Ta(H) = H(7«)/cq for H € Cla,b].

Proof. To prove that the Hadamard derivative of 7" at G tangentially to C [a,b] is
given by Ta(H) = H(7.)/cq, fix any H € Cfa,b] and fix any collection (Hy);>o
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where H; € Dla,b] for all t and limy g || H; — H|co = 0. We must show that

lim T(G+tH) —T(G)  H(r)
tl0 t ca

~ 0. (48)

To do this, define G; = G + tH; and 7, = T(G,) for t > 0. Also define for
any F € Dla,b], ¢F : [a,b] = R to be given by ¢r(u) = u/q — F(u). Note
T(F) =sup{u € [a,b],¥r(u) < 0}. We must first show that there exists a § > 0
such that for all ¢ € (0,9), 7+ € (a,b). To see this, note that by our choice
of interval (a,b) (see Section 2.3.4, and more specifically, see Proposition 2),
G(a) > a/q = Yg(a) <0, G(b) < b/q = Ya(b) > 0, and 1g(+) crosses 0 once
on the interval [a,b]. ¥¢ is continuous by continuity of G (see Proposition 1),
so there exists a b_ < b such that 1¢(u) > $1b¢(b) for all u € [b_,b]. Also note
that
16— Grlloo = 1tHy oo < t]H oo+t H — Hyll.

Since H € Cla,b], ||H||oo < 00, s0 limy o t||H | = 0. Hence, taking the limit as
t J 0 of the above result we get that lim; o |G — G¢||oc = 0. Thus, we can pick
0 > 0 such that for all ¢ € (0,0), |G — Git|lc < min{|Yc(a)l, |¥a(b)|/2}. Since
for all u € [a,b], |¥q, (v) =g (u)| < ||G— G|, we get that for all t € (0, ) and
u € [b—,b], ¥a,(a) < ¥ala) + [Ye(a)l = 0 and Y, (u) > Pe(u) — ¥a(b)/2 > 0.
Thus, for all ¢t € (0,0) and u € [b_,b], both ¥¢,(a) < 0 and 9¢, (u) > 0, where
¥, 1s right continuous with left limits. This implies that 7 = T(G:) € (a,b)
for all ¢ € (0,9).

For any t € (0,9), we will next apply Lemma C.1 to G; to show that
[Yva(m)| < ||G — Gillo- If case (ii) of Lemma C.1 holds for Gy, then

T(G)

— lim Gi(u) < — < =G(T(Gy)),
G < T < ayrian)

so adding G(1¢) = G(T(G¢)) to each side of the equality and by continuity of
G, we get

uTlTi]E%t) (G = Gy)(u) <G(m) — I < (G = Go)(m),

which implies that

Ya(r)l = [G() = 7| <16 - Gl

Alternatively, if case (i) from Lemma C.1 holds for Gy, then —7/q = —G(1)
implying G(1¢) — 71/q = (G — G¢) (1), further implying |¥g(7)| < [|G — Gt||co-
Thus, in either case, |¢g(7)] < ||G — G|l for all ¢ € (0,6). Because
lim; o [|G — Gil|oo = 0, limy o e (1) = 0 = g (7:). Now since 9)¢ is continuous
(because G is continuous) it follows that ¢ (limsup, o) = ¥a(7x) = 0 and
Ye(liminfy o ) = ¥ (i) = 0. Because 7, is the unique and existing u € [a, b]
such that ¥g(u) = 0 (see the definition of [a,b] and Proposition 2), it follows
that liminf; o 74 = 7 = lim Supy g Tt Hence, lim; o 7t = 7.
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We would also like to prove that lim o ¥g(7:)/t = H(7s). To show this, we
start by showing that for ¢ € (0, ),

P0) b ()| < mas{ | Hum) — ()|

lim (Hy(u) - H@w)|}.  (49)
Let T(;) be the set of ¢ € (0,0) such that G is in case (i) of Lemma C.1 and let

Tis) be the set of ¢ € (0,9) such that G is in case (ii) of Lemma C.1. Note that
if t € T(;), then ¥g(m¢) = 7/q — G(7t) = (G — G)(7¢) = tH(7;) which implies
that ¢g(7)/t — H(7y) = H¢(1¢) — H(7¢) and hence (49) holds for t € T(;. If
instead ¢ € T(;;), then

Gilr) < 2 < lim Gy(u),
q ul Tt

so subtracting G(7;) from each side and using the fact that G is continuous, we
get that

(G = O)(7) < Yo(m) < im (G = G)(u).

Recalling that Gy — G = tH;, we can divide each side of the above inequality by
t and subtract H(7) to get

-
Hy(r) — H(m) < ’/’Gf ) () < lim Hy (u) — H(r),
ulTy
where the RHS can be rewritten as lim,., (H;(u) — H(u)) by continuity of H.

Thus, (49) holds for any ¢ € T(;;). Since T(;) U T3y = (0,6) it follows that (49)
holds for all ¢ € (0, 9).

Now observe that both |H; (1) — H(m)| < ||Hy — Hl|oo and | limyr, (Hy(u) —
H(u))| < ||Ht — H||oo hold. Therefore, (49) implies that for any t € (0,4),
[6(7)/t — H(7)| < | Hy — Hlloo, and 50

¢G(Tt)
t

— H(7) — H(m)| + [H(r) — H(7.)]

G(Tt)
t
<|[Hy — Hlloo + [H(72) — H(7)].

Taking the limit as ¢ | 0 of each side above completes the proof that
limy o Ya(m)/t = H(7«), where the fact that lim o |H (1) — H(7)| = 0 holds
by the composite limit theorem and our earlier result that lim; o 7 = 7.

To complete the proof of (48), note that cq = 1/q — G'(7.) = Y (1), and
hence by the alternative definition of a limit

o = d(r) = lim PeW —Ye(m) _ o va(w) oy Yo(n)

)
U T U — Tx U=Tw U — Ty tl0 Ty — Ty

where the last equality holds by the composite limit theorem because lim¢ o 7 =
T«. Therefore, for ¢t > 0,

T(G+tH) —T(G) _n—7 _ va(n) (wc:(n))—l

t t t Tt — T
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and hence,
lim T(G+tH) — T(G) _ (lim ¢G(Tt)> (lim zpc;(n))—l _ H(Ty)
tl0 t tl0 t tl0 Ty — Ty ca

proving (48). The above proof of (48) holds for any fixed H € C|a,b] and fixed
collection (Hy)¢so of Hy € D[a,b] such that lim; g ||[H; — H||oc = 0. Thus, the
Hadamard derivative of 7 at G tangentially to C[a,b] is given by To(H) =
H(T*)/Cg. ]

Using Proposition C.1 and the chain rule for Hadamard differentiability we
can compute the Hadamard derivatives of W(FPR) R and WFPP) at (Fy, Fy)

tangentially to Cfa,bls. We start by computing the Hadamard derivative of
y(FPR)

Proposition C.2. WFPR) (defined in Equation (36)) is Hadamard differen-
tiable at (Fy, Fy) tangentially to Cla,bly with

Wi W (Ho, Hy) = Ho () + Fy () (Ho(r.) + Hi (7)) fec

for (Ho, Hy) € Cla,b]z being the Hadamard derivative at (Fy, Fy).

Proof. To compute the Hadamard derivative of W(FPR) at (Fy, F}) tangentially
to Cla, b]y fix (Ho, H1) € Cla, b]> and a collection ((Hoy, Hlt))t>0 of elements of
D[a, b]g and such that hmtw ||(H0t7 Hlt) - (Ho, Hl)”oo = 0. Let F()t = FO —|—tH0t,
Fy; = Fi+tHyy, and Gy = Fog+Fyy = (Fo+Fy)+t(Hoe+Hy) where Hop+Hyy —

Hy+ Hy as t | 0. Letting 7 = 7 (G,) and recalling 7. = T(G), note that

Fo(my) — Fo(rs)
—

VEPR) (B, Fyy) — WEPRY (B )

r = Ho (1) +

(50)

Since T is Hadamard differentiable at G tangentially to C|[a, b] (see Proposition
C.1) and Fj is differentiable at 7(G), by the chain rule for Hadamard differen-
tiability (see, for example, Theorem 20.9 in van der Vaart (1998)), it follows that
FyoT : Dla,b] — [0,1] is Hadamard differentiable at G tangentially to Cfa, b]
with Hadamard derivative given by Fj(T(G))Tg(H) for H € C[a,b]. By the
definition of Hadamard differentiability and since Gy = (Fo+ F1) +t(Hot + Hi¢)
where Ho; + Hiy — Ho + Hq as t | 0, it follows that

lim Fo(re) — Fo() _ lim Fo(T(Gr)) — Fo(T(Q))

40 t 10 t = Fy(T(G))Ta(Ho + Hy).

By combining the above result with the formula from Proposition C.1,

L Ryn) -~ Rulm) By (Ho(r) + Hi(r)
t10 t ca '

Also note that

|H0t(7't) - HO(T*)| :|H0t(7't) - Ho(Tt)| + |H0(7't) - HO(T*)|
<|[Hot — Holloo + [Ho(7t) — Ho(7s)]-
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We know that limy g ||Hot — Holloc = 0. Further since Hy is continuous and
we showed in the proof of Proposition C.1 that lim;jo 7 = 7. (in a setting where
7, = T(Gy) and Gy = G+ tH; € Dla,b] for some H, — H € Cla,b] as t | 0) we
get by the composite limit theorem that lim, o |[Ho(7¢) — Ho(7:)| = 0. Hence by
an above inequality it follows that limy g Hoi () = Ho(Tx)-

Combining this with (50) and (51), we get that

FPR FPR /
- o )(FOt,Flt)t VPR (Fy, Fy) Ho(r) + FO(T*)(HO(Z;) + (7))

Since this argument holds for any fixed (Ho,H;) € Cla,bla and collec-
tion ((HOt,H1t))t>0 of elements of Dla,bla such that limy g ||(Hot, H1t) —
(Ho, H1)||oo = 0 where Fyy = Fy + tHo and Fyy = Fy + tHy,, it follows
that WFPR) is Hadamard differentiable at (Fp, Fy) tangentially to C|a, bl with
Hadamard derivative given by

Wi e (Ho, Hy) =Ho(r.) + Fy(r.) (Ho(7.) + Hy(7.)) feq. O

Proposition C.3. R (defined in Equation (35)) is Hadamard differentiable at
(Fo, F1) tangentially to Cla,bls with

R(ry, ) (Hos Hi) = (Ho(7) + Hi(7)) /(ge)

for (Ho, Hy) € Cla,b]2 being the Hadamard derivative at (Fy, Fy).

Proof. Define W) : D[a,by — R via U (Hy, Hy) = H, (T(HO + Hl)) for
any (Ho, H1) € Dla,blz. Swapping the indices of the two DJa,b] functions in
the input of W) gives exactly the same function as WFPR) Therefore, by
the argument in Proposition C.2, ¥(*) is Hadamard differentiable at (Fo, F1)
tangentially to C[a, b]s with Hadamard derivative given by \ilgfﬂg!Fl)(Ho, Hy) =
Hy (1) + F{(7.) (Ho(72) + Hi(74)) /G- Because R = WEFPR) 1 (A we find that
R is Hadamard differentiable at (Fy, F1) tangentially to Cla, b]o with Hadamard
derivative R(Fovpl) = \I/E?OP%)I) + qj&“ﬁ,ﬂ)' Combining our formula for \PE?}?,H)
with Proposition C.2 we get that for any (Hy, H1) € Cla, b]a,

Fi(ry) +F1’(7'*))

R o,y (Ho, Hy) =(Ho () +H1(T*))(l+ -

:HO(T*) + Hl(T*)
qca

. O

Proposition C.4. WPP) (defined in Equation (37)) is Hadamard differen-
tiable at (Fy, Fy) tangentially to Cla, bl with

+ (FDP
Wi (Ho, Hy) = q((1+ a) Ho(7.) + aHi (7)) /7.

for (Ho,Hy) € Cla,bly being the formula for the Hadamard derivative at
(Fo, F1), and where « is defined in (13).
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Proof. Define © : D[a, blz — R? as
O(Ho, Hy) = (VPR (Hy, Hy), R(Ho, Hy))

for (Ho,H1) € Dla,blo. It is easy to see that the Hadamard derivative
of © at (Fy, Fy) tangentially to Cla,bls is given by (;)(FO,Fl)(HO,Hl) =
(@EI;S’P;?)(HmHl),R(Foypl)(HmHl)) and by Propositions C.2 and C.3, © is
indeed Hadamard differentiable at (Fp, Fy) tangentially to Cla,bla. Now let
f: R* = R be given by f(z,y) = z/y. Note that V[, = (1/y, —z/y?) for
y # 0. Note that for any (Ho, Hy) € D[a,bla, WFPP)(Hy, Hy) = f(O(Hy, Hy)).
Hence by the chain rule for Hadamard differentiability (Theorem 20.9 in van
der Vaart) we get that if R(Fp, F1) # 0, then W(FPP) is Hadamard differen-
tiable at (Fp, F'1) tangentially to C[a,blz with Hadamard derivative given by
(Vf@(Fg,Fl))T@(FO,Fl)(H07Hl) for (HO,Hl) (S C[a,b]z. But since R(Fo,Fl) =
(Fo + F))(T(Fy + F1)) = G(r.) = 7./q # 0, ¥FPP) is indeed Hadamard dif-
ferentiable at (Fy, F1) tangentially to Cla,b]s with Hadamard derivative given
by (Vf@(Fovpl))TO(FOVFI)(H(), H,). We compute this value more specifically for
(Hy, Hy) € Cla,b]2 using Propositions C.2 and C.3:

- (FPR) :
GEPP) (Hy, Hy) Vg (Ho ) WFPRI(ERy F)R 1y, 1) (Ho, H)
(Fo. k) W0 L) =0 R ) (R(Fo, F1))?

q4 [ (FPR q :
=2 (W) (Ho Hy) = LRy (r) R sy (Ho, Hn)

2 (4 () = B/ o) + 1)
T L%+ (e
:T%((l + a)Ho(ms) + ozHl(T*)).

The last step above uses our previous definition of ¢g in (47) and the definition
of « in (13). O



