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S1. Proofs of theorems
We report here the proofs of Theorems 1 and 2 given in §3 of the manuscript and discuss the

construction of an alternative composite likelihood estimator of the variance components using all
of the data from a subset of rows with a large number observations. Recall that 𝑍𝑖 𝑗 = 1 if (𝑥𝑖 𝑗 , 𝑌𝑖 𝑗)
is observed (0 otherwise) with 𝑁𝑖• =

∑
𝑗 𝑍𝑖 𝑗 , and 𝑁• 𝑗 =

∑
𝑖 𝑍𝑖 𝑗 . We defined 𝜖𝑅 = max𝑖 𝑁𝑖•/𝑁 and

𝜖𝐶 = max𝑗 𝑁• 𝑗/𝑁 .

S1.1. Weak consistency of 𝛾̂
Theorem S1. Let 𝑌𝑖 𝑗 ∈ {0, 1} follow the crossed random effects probit model (manuscript

Equation 1) with true value 𝛾0 for the parameter 𝛾 = 𝛽/(1 + 𝜎2
𝐴
+ 𝜎2

𝐵
)1/2. Let the number of

observations 𝑁 → ∞ while max(𝜖𝑅, 𝜖𝐶) → 0. Let 𝑥𝑖 𝑗 ∈ R𝑝 satisfy

1. ‖𝑥𝑖 𝑗 ‖ ≤ 𝐵 < ∞;
2. 𝑁−1∑

𝑖 𝑗 𝑍𝑖 𝑗𝑥𝑖 𝑗𝑥
T
𝑖 𝑗
→ 𝑉 ∈ R𝑝×𝑝, where 𝑉 is positive definite;

3. there is no nonzero vector 𝑣 ∈ R𝑝 such that 𝑣T𝑥𝑖 𝑗 ≥ 0 for all (𝑖, 𝑗) with 𝑍𝑖 𝑗 = 1 and 𝑦𝑖 𝑗 = 1
and 𝑣T𝑥𝑖 𝑗 ≤ 0 for all (𝑖, 𝑗) with 𝑍𝑖 𝑗 = 1 and 𝑦𝑖 𝑗 = 0.

Let 𝛾̂ ∈ R𝑝 be any maximizer of the all likelihood (manuscript Equation 8). Then for any 𝜖 > 0

Pr(‖𝛾̂ − 𝛾0‖ > 𝜖) → 0

as 𝑁 → ∞.

Proof. The proof uses the arguments of Lumley & Mayer Hamblett (2003) to prove the
consistency of the root of quasi-score equations in marginal generalized linear models with
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sparse correlations. Write the all log likelihood as ℓall(𝛾) =
∑

𝑖 𝑗 𝑍𝑖 𝑗𝜂𝑖 𝑗 for random variables

𝜂𝑖 𝑗 (𝛾) = 𝑌𝑖 𝑗 logΦ(𝑥T𝑖 𝑗𝛾) + (1 − 𝑌𝑖 𝑗) logΦ(−𝑥T𝑖 𝑗𝛾).

Under our assumptions, the 𝜂𝑖 𝑗 (𝛾) are uniformly bounded in 𝑖, 𝑗 and 𝛾. Letting 𝐵 be that bound

var
{ ℓall(𝛾)

𝑁

}
≤ 𝐵2

𝑁2

∑︁
𝑖 𝑗

∑︁
𝑟𝑠

𝑍𝑖 𝑗𝑍𝑟𝑠

(
1{𝑖 = 𝑟} + 1{ 𝑗 = 𝑠} − 1{𝑖 = 𝑟}1{ 𝑗 = 𝑠}

)
=

𝐵2

𝑁2

(∑︁
𝑖 𝑗𝑠

𝑍𝑖 𝑗𝑍𝑖𝑠 +
∑︁
𝑖 𝑗𝑟

𝑍𝑖 𝑗𝑍𝑟 𝑗 − 𝑁

)
≤ 𝐵2

𝑁2

(∑︁
𝑖

𝑁2𝑖• +
∑︁
𝑗

𝑁2• 𝑗

)
≤ 𝐵2

𝑁2

(∑︁
𝑖

𝑁𝑖•𝑁𝜖𝑅 +
∑︁
𝑗

𝑁• 𝑗𝑁𝜖𝐶

)
≤ 𝐵2(𝜖𝑅 + 𝜖𝐶)
→ 0.

Therefore
ℓall(𝛾)
𝑁

→ E{ℓall(𝛾)}
𝑁

=
1
𝑁

∑︁
𝑖 𝑗

𝑍𝑖 𝑗E
{
Φ(𝑥T𝑖 𝑗𝛾0) logΦ(𝑥T𝑖 𝑗𝛾) +Φ(−𝑥T𝑖 𝑗𝛾0) logΦ(−𝑥T𝑖 𝑗𝛾)

}
=: 𝑔(𝛾)

in probability as 𝑁 → ∞, for all 𝛾 ∈ R𝑝. For all 𝑁 , ℓall(𝛾)/𝑁 is a concave function and 𝑔(·) is also
a concave function. Therefore fromAppendix II of Andersen&Gill (1982), 𝛾̂ is weakly consistent
for the maximizer of 𝑔. Now 𝜕𝑔(𝛾0)/𝜕𝛾 = 0 so 𝛾0 is a maximizer of 𝑔. For our conclusion, we
require a unique minimizer. For that, we write

𝜕2𝑔(𝛾0)
𝜕𝛾𝜕𝛾T = − 1

𝑁

∑︁
𝑖 𝑗

𝑍𝑖 𝑗E
{

𝜑(𝑥T
𝑖 𝑗
𝛾0)2

Φ(𝑥T
𝑖 𝑗
𝛾0)Φ(−𝑥T

𝑖 𝑗
𝛾0)

𝑥𝑖 𝑗𝑥
T
𝑖 𝑗

}
=: 𝐻.

Because every 𝑥T
𝑖 𝑗
𝛾 are uniformly bounded it follows that the Hessian above satisfies 𝑎𝑉 �

−𝐻 � 𝐴𝑉 for some constants 0 < 𝑎 < 𝐴 < ∞. As a result, 𝑔 is strictly concave and 𝛾̂ converges
weakly to 𝛾0. �

We know that we need min(𝑅,𝐶) → ∞ in order to have a consistent estimate of an intercept
term, should the model contain one. In the above theorem the assumption that 𝜖𝑅 → 0 while
𝑁 → ∞ already implies 𝑅 → ∞ and similarly the condition on 𝜖𝐶 implies that 𝐶 → ∞.

S1.2. Consistency of 𝜎̂2
𝐴

and 𝜎̂2
𝐵

Theorem S2. Under the assumptions of Theorem 1, there is a root of the row likelihood
equation that is a consistent estimator for 𝜏2

𝐴
and a root of the column likelihood equation that is

a consistent estimator for 𝜏2
𝐵
.

Proof. For a subset S1 ⊆ S of observations, define

𝑁𝑖• =

𝐶∑︁
𝑗=1

𝑍𝑖 𝑗1{(𝑖, 𝑗) ∈ S1}, 𝑁• 𝑗 =

𝑅∑︁
𝑖=1

𝑍𝑖 𝑗1{(𝑖, 𝑗) ∈ S1}. (S1)
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We seek such a set S1 where 𝑁• 𝑗 ∈ {0, 1} for all 𝑗 = 1, . . . , 𝐶 and 𝑁𝑖• ≠ 1 for any 𝑖 = 1, . . . , 𝑁 .
We let 𝑅1 be the number of rows 𝑖 with 𝑁𝑖• > 0. Then all such rows have 𝑁𝑖• ≥ 2 and no
column in the data set contributes to the data in S1 for two or more of those rows. We then have
𝑁𝐴 =

∑
𝑖 𝑁𝑖• independent observations from data following the row likelihood given in Equation

(9) of the manuscript. If 𝑁𝐴 → ∞, then the maximizer 𝜏2
𝐴
of the row likelihood based only on

(𝑖, 𝑗) ∈ S1 corresponds to the MLE based on a sample of 𝑁𝐴 independent observations from an
equicorrelated probit model and thus provides consistent estimation of 𝜏2

𝐴
. See Section 5 of Ochi

& Prentice (1984) for the asymptotic properties of the MLE in the equicorrelated probit model.
Next we use the subset argument of Jiang (2013) to show Cramer consistency of the row

likelihood MLE. It amounts to showing that the full likelihood is not worse than the likelihood
on S1 only. Following Jiang (2013) we let 𝑦 [1] be the 𝑌𝑖 𝑗 values for (𝑖, 𝑗) ∈ S1 and 𝑦 [2] be the
𝑌𝑖 𝑗 values for (𝑖, 𝑗) ∈ S \ S1. Let 𝑃𝜏2

𝐴
(·) denote the joint probability of a collection of 𝑌𝑖 𝑗 values

computed at the true parameter 𝜏2
𝐴
. In our context this is a conditional probability given the

corresponding 𝑥𝑖 𝑗 values as shown in Equation (9) of the manuscript.
Now pick 𝜖 > 0 and let 𝑌[2] be the (finite) set of all possible values of 𝑦 [2] . Then

Pr{𝑃𝜏2
𝐴
(𝑦 [1] , 𝑦 [2]) ≤ 𝑃𝜏2

𝐴
+𝜖 (𝑦 [1] , 𝑦 [2]) | 𝑦 [1]} = Pr

{𝑃𝜏2
𝐴
+𝜖 (𝑦 [1] , 𝑦 [2])

𝑃𝜏2
𝐴
(𝑦 [1] , 𝑦 [2])

≥ 1
��� 𝑦 [1]}

≤ E
{𝑃𝜏2

𝐴
+𝜖 (𝑦 [1] , 𝑦 [2])

𝑃𝜏2
𝐴
(𝑦 [1] , 𝑦 [2])

��� 𝑦 [1]}
=

∑︁
𝑦[2] ∈𝑌[2]

𝑃𝜏2
𝐴
+𝜖 (𝑦 [1] , 𝑦 [2])

𝑃𝜏2
𝐴
(𝑦 [1] , 𝑦 [2])

𝑝𝜏2
𝐴
(𝑦 [2] | 𝑦 [1])

=
∑︁

𝑦[2] ∈𝑌[2]

𝑃𝜏2
𝐴
+𝜖 (𝑦 [1] , 𝑦 [2])
𝑃𝜏2

𝐴
(𝑦 [1])

=
𝑃𝜏2

𝐴
+𝜖 (𝑦 [1])

𝑃𝜏2
𝐴
(𝑦 [1])

.

The outer probability above is the conditional probability under 𝜏2
𝐴
. This last ratio converges to

zero in probability as described in Jiang (2013) for a regular likelihood and 𝑁𝐴 → ∞. The same
argument can be used for 𝜏2

𝐴
− 𝜖 and 𝜏2

𝐵
± 𝜖 . Cramer consistency now follows from the dominated

convergence theorem and standard arguments (e.g., Jiang, 2010, pp. 9–10). That is, there is a
root of the row likelihood equation that is consistent for 𝜏2

𝐴
and a root of the column likelihood

equation that is consistent for 𝜏2
𝐵
. �

S1.3. An alternative ‘large rows‘ estimator
If one does not find Cramer consistency sufficient, then it is possible to construct a consistent

estimator using all of the data from a subset of rows with a large number 𝑁𝑖• of observations. We
call those ‘large rows’. Let 𝜃𝑖 𝑗 = 𝑥T

𝑖 𝑗
𝛾. From Equation (4) of the manuscript, it follows that

Pr(𝑌𝑖 𝑗 = 1 | 𝑎𝑖) = Φ(𝛿0𝑖 + 𝛿1𝑖𝜃𝑖 𝑗) (S2)

where 𝛿0𝑖 = 𝑎𝑖/(1 + 𝜎2
𝐵
)1/2 and 𝛿1𝑖 = (1 + 𝜏2

𝐴
)1/2. As 𝑁𝑖• → ∞ the MLEs of this model will be

consistent so long as the variance of 𝜃𝑖 𝑗 is not too small. It is enough to have that variance bounded
away from zero and infinity. See Section 9.2.2 of Amemiya (1985). While we do not have 𝜃𝑖 𝑗 we
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do have consistent estimates 𝜃𝑖 𝑗 = 𝑥T
𝑖 𝑗
𝛾̂ of it. As a result, we can obtain a consistent estimate of

𝜏2
𝐴
from probit regression within one single row of data so long as 𝑁𝑖• → ∞ for that row.
This estimator fits in with the composite likelihood approach because composite likelihoods

are often based on conditional likelihoods. The intercept in (S2) provides a consistent estimate of
𝑎𝑖/(1 + 𝜎2

𝐵
)1/2. If we square this we get a consistent estimate of 𝜏2

𝐴
which we could then average

over rows. However the slope 𝛿1𝑖 is more attractive as it estimates the same quantity in every row.
Under standard assumptions, we have

𝛿1𝑖 = (1 + 𝜏2𝐴)
1/2 +𝑂𝑝 (𝑁−1/2

𝑖• ).

Then we can get a consistent estimate of 𝜏2
𝐴
from just one row with 𝑁𝑖• → ∞ or by pooling

consistent estimates of 𝜏2
𝐴
from many such rows. The analogous operation on columns gives us

an estimate of 𝜏2
𝐵
. Next we give conditions under which the number of large rows will diverge to

infinity as 𝑁 → ∞.

Theorem S3. Let there be 𝑅 = 𝑁𝜌 rows and𝐶 = 𝑁 𝜅 columns in the data set with 0 < 𝜌, 𝜅 < 1.
Assume that 𝜖𝑅 = max𝑖 𝑁𝑖•/𝑁 → 0 and 𝜖𝐶 = max𝑗 𝑁• 𝑗/𝑁 → 0. If 𝛼 > 0 satisfies 𝜌 + 𝛼 < 1 then
the number of rows 𝑖 with 𝑁𝑖• > 𝑁𝛼 goes to infinity as 𝑁 → ∞. If 𝛼 > 0 satisfies 𝜅 + 𝛼 < 1 then
the number of columns 𝑗 with 𝑁• 𝑗 > 𝑁𝛼 goes to infinity as 𝑁 → ∞.

Proof. We prove the case for rows as the argument for columns is the same. The average
number of observations per row is 𝑁1−𝜌. Let 𝑅0 be the number of rows 𝑖 with 𝑁𝑖• < 𝑁𝛼 and let
𝑅1 = 𝑅 − 𝑅0 be the number of rows 𝑖 with 𝑁𝑖• ≥ 𝑁𝛼. We need to show that 𝑅1 → ∞.
If 𝑅0 = 0 then 𝑅1 = 𝑁𝜌 → ∞. If 𝑅0 > 0 then we may define 𝑁̄0 to be the average value of

𝑁𝑖• for rows with 𝑁𝑖• < 𝑁𝛼. By the pigeonhole principle, there must be at least one row with
𝑁𝑖• ≥ 𝑁𝛼 and so let 𝑁̄1 be the average value of 𝑁𝑖• for rows with 𝑁𝑖• ≥ 𝑁𝛼. Solving 𝑅 = 𝑅0 + 𝑅1
and 𝑁 = 𝑅0𝑁̄0 + 𝑅1𝑁̄1 together yields

𝑅1 =
𝑁 − 𝑅𝑁̄0

𝑁̄1
≥ 𝑁 − 𝑅𝑁𝛼

𝑁̄1
≥ 𝑁 − 𝑅𝑁𝛼

𝜖𝑅𝑁
=
1
𝜖𝑅

(
1 − 𝑁𝛼+𝜌−1) .

Therefore the number of rows with 𝑁𝑖• ≥ 𝑁𝛼 diverges to infinity as 𝑁 → ∞. �

Every very large row provides a consistent estimate of 𝜏2
𝐴
and aggregating consistent estimates

by a weighted average would remain consistent without regard to the correlation pattern among
those estimates. We still require max(𝜖𝑅, 𝜖𝐶) → ∞ in order to get weak consistency of 𝛾̂. The
large row argument lets us replace Cramer consistency of 𝜏2

𝐴
and 𝜏2

𝐵
by convergence in probability

for them.
We prefer our all-row-column estimator to an approach using just large rows, because it would

be awkward to have to decide in practice which rows to use, and because we believe that there
is valuable information in the other rows. Under the independent but not identically distributed
Bernoulli model for 𝑍𝑖 𝑗 from Ghosh et al. (2022), every row eventually is large enough to provide
a consistent estimate.

S2. Full set of simulation results
The following pages show the graphs that summarize the eight settings of the simulation study

described in the article. For each simulation setting there are three graphs: 1. mean square errors
of 𝛽0 and 𝛽1 estimates; 2. mean square errors of 𝜎𝐴 and 𝜎𝐵 estimates; 3. sample distributions
of 𝜎𝐴 and 𝜎𝐵 estimates. The graphs corresponding to setting Imb-Nul-Hi are also shown in the
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article as Figures 2-4. In these supplemental materials, the captions are kept to a minimum. For
more details on the graphs, see the captions of Figures 2-4 in the article.

S2.1. Mean Square Errors of 𝛽
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Fig. S1. Mean square errors of 𝛽0 and 𝛽1 estimates for setting Bal-Nul-Hi.
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Fig. S2. Mean square errors of 𝛽0 and 𝛽1 estimates for setting Bal-Nul-Lo.
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Fig. S3. Mean square errors of 𝛽0 and 𝛽1 estimates for setting Bal-Lin-Hi.
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Fig. S4. Mean square errors of 𝛽0 and 𝛽1 estimates for setting Bal-Lin-Lo.
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Fig. S5. Mean square errors of 𝛽0 and 𝛽1 estimates for setting Imb-Nul-Hi.
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Fig. S6. Mean square errors of 𝛽0 and 𝛽1 estimates for setting Imb-Nul-Lo.
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Fig. S7. Mean square errors of 𝛽0 and 𝛽1 estimates for setting Imb-Lin-Hi.
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Fig. S8. Mean square errors of 𝛽0 and 𝛽1 estimates for setting Imb-Lin-Lo.
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S2.2. Mean Square Errors of 𝜎̂𝐴 and 𝜎̂𝐵
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Fig. S9. Mean square errors of 𝜎𝐴 and 𝜎𝐵 estimates for setting Bal-Nul-Hi.
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Fig. S10. Mean square errors of 𝜎𝐴 and 𝜎𝐵 estimates for setting Bal-Nul-Lo.
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Fig. S11. Mean square errors of 𝜎𝐴 and 𝜎𝐵 estimates for setting Bal-Lin-Hi.
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Fig. S12. Mean square errors of 𝜎𝐴 and 𝜎𝐵 estimates for setting Bal-Lin-Lo.
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Fig. S13. Mean square errors of 𝜎𝐴 and 𝜎𝐵 estimates for setting Imb-Nul-Hi.
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Fig. S14. Mean square errors of 𝜎𝐴 and 𝜎𝐵 estimates for setting Imb-Nul-Lo.
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Fig. S15. Mean square errors of 𝜎𝐴 and 𝜎𝐵 estimates for setting Imb-Lin-Hi.
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Fig. S16. Mean square errors of 𝜎𝐴 and 𝜎𝐵 estimates for setting Imb-Lin-Lo.
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S2.3. Sample Distributions of 𝜎̂𝐴 and 𝜎̂𝐵
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Fig. S17. Boxplots of 𝜎𝐴 and 𝜎𝐵 estimates for setting Bal-Nul-Hi.
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Fig. S18. Boxplots of 𝜎𝐴 and 𝜎𝐵 estimates for setting Bal-Nul-Lo.
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Fig. S19. Boxplots of 𝜎𝐴 and 𝜎𝐵 estimates for setting Bal-Lin-Hi.
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Fig. S20. Boxplots of 𝜎𝐴 and 𝜎𝐵 estimates for setting Bal-Lin-Lo.
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Fig. S21. Boxplots of 𝜎𝐴 and 𝜎𝐵 estimates for setting Imb-Nul-Hi.
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Fig. S22. Boxplots of 𝜎𝐴 and 𝜎𝐵 estimates for setting Imb-Nul-Lo.
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Fig. S23. Boxplots of 𝜎𝐴 and 𝜎𝐵 estimates for setting Imb-Lin-Hi.
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Fig. S24. Boxplots of 𝜎𝐴 and 𝜎𝐵 estimates for setting Imb-Lin-Lo.
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S3. Maximum pairwise likelihood estimation
Weconsider here an alternative estimator given by the pairwise likelihood estimation introduced

in Bellio & Varin (2005). Their method was proposed for a logit link, but it readily applies to
probit models. Here we investigate a particular version of pairwise likelihood, along the lines of
the all-row-column method. We leave the all part unchanged, and employ the pairwise likelihood
approach to replace the row-wise and column-wise likelihood for the estimation of the twovariance
components. We estimate 𝜎2

𝐴
and 𝜎2

𝐵
by considering all the pairs sharing the same random effects

for rows or for columns. Letting 𝜌𝐴 = 𝜎2
𝐴
/(1 + 𝜎2

𝐴
+ 𝜎2

𝐵
) be the intra-cluster correlation for row

effects, we define the row-pairwise likelihood as

𝐿2; row(𝛾̂, 𝜌𝐴) =
𝑅∏
𝑖=1

∏
( 𝑗 ,𝑘) |𝑖

𝑝(𝑦𝑖 𝑗 , 𝑦𝑖𝑘 ; 𝛾̂, 𝜌𝐴), (S3)

where ( 𝑗 , 𝑘) | 𝑖 is the set of pairs of column indices for observations with row index 𝑖. The
bivariate probabilities involved are

𝑝(𝑦𝑖 𝑗 , 𝑦𝑖𝑘 ; 𝛾, 𝜌𝐴) =


Φ2(𝑥T𝑖 𝑗𝛾, 𝑥T𝑖𝑘𝛾; 𝜌𝐴), if 𝑦𝑖 𝑗 = 1, 𝑦𝑖𝑘 = 1,
Φ(𝑥T

𝑖 𝑗
𝛾) −Φ2(𝑥T𝑖 𝑗𝛾, 𝑥T𝑖𝑘𝛾; 𝜌𝐴), if 𝑦𝑖 𝑗 = 1, 𝑦𝑖𝑘 = 0,

Φ(𝑥T
𝑖𝑘
𝛾) −Φ2(𝑥T𝑖 𝑗𝛾, 𝑥T𝑖𝑘𝛾; 𝜌𝐴), if 𝑦𝑖 𝑗 = 0, 𝑦𝑖𝑘 = 1,

1 −Φ(𝑥T
𝑖 𝑗
𝛾) −Φ(𝑥T

𝑖𝑘
𝛾) +Φ2(𝑥T𝑖 𝑗𝛾, 𝑥T𝑖𝑘𝛾; 𝜌𝐴), if 𝑦𝑖 𝑗 = 0, 𝑦𝑖𝑘 = 0,

with Φ2(𝑥, 𝑦; 𝜌) denoting the bivariate normal cumulative distribution function for standardized
marginals with correlation equal to 𝜌. The column-pairwise likelihood is then defined in a similar
manner, that is

𝐿2; col(𝛾̂, 𝜌𝐵) =
𝐶∏
𝑖=1

∏
( 𝑗 ,𝑘) |𝑖

𝑝(𝑦𝑗𝑖 , 𝑦𝑘𝑖; 𝛾̂, 𝜌𝐵), (S4)

where ( 𝑗 , 𝑘) | 𝑖 is the set of pairs of row indices for observations with column index 𝑖, and
𝜌𝐵 = 𝜎2

𝐵
/(1 + 𝜎2

𝐴
+ 𝜎2

𝐵
). As for the all-row-column method of the main paper, this strategy

would provide a consistent estimator, but with an excessive computational cost. As noted in the
main article, the number of observation pairs to consider grows as Ω{max(𝑁2/𝑅, 𝑁2/𝐶)} when
there are 𝑁 observations in 𝑅 rows and 𝐶 columns. For 𝑅,𝐶 = 𝑜(𝑁), this cost is superlinear in
𝑁 . For an illustration, we extend the simulation study reported in the main paper, for the same
Imb-Nul-Hi setting where, as for the estimator based on the first-order Laplace’s approximation,
the maximum sample size was set equal to 105 due to the high computational cost. While the
precision of the estimator based on the pairwise likelihood is similar to that of the all-row-column
estimator (Figures S26–S28), the superlinear cost is apparent (Figure S25), ruling out this solution
for large-scale settings.

S4. Binary regression standard errors for the Stitch Fix data
Table S1 and Figure S29 compare the naive standard errors based on the classic probit output

with two nonparametric methods that account for dependence in the probit model with crossed
random effects fitted to the Stitch Fix Data with the all-row-column method. The nonparame-
teric methods are the two-way cluster-robust sandwich standard errors discussed in §2.4 of the
manuscript and the Pigeonhole bootstrap standard errors of Owen (2007). Table S1 and Figure S29
show the close agreement between the sandwich and Pigeonhole bootstrap standard errors. On
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Fig. S25. Average computational costs for setting Imb-Nul-Hi .
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Fig. S26. Mean square errors of 𝛽0 and 𝛽1 estimates for setting Imb-Nul-Hi .
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Fig. S27. Mean square errors of 𝜎𝐴 and 𝜎𝐵 estimates for setting Imb-Nul-Hi .

the other hand, the classic probit standard errors largely underestimate the uncertainty of the
estimates.
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Fig. S28. Boxplots of 𝜎𝐴 and 𝜎𝐵 estimates in the setting Imb-Nul-Hi .

Table S1. Binary regression standard errors for the Stitch
Fix data, computed three ways.

Variable Level Naive Sandwich Pigeonhole

Intercept 1.61 4.84 5.07

Client fit loose or oversize 0.17 0.95 0.96
straight or tight 0.18 0.57 0.63

Edgy yes 0.14 0.47 0.50
Boho yes 0.14 0.41 0.49
Chest 0.05 0.08 0.11
Size 0.03 0.09 0.10

Material leather or animal 1.17 9.65 9.24
regenerated 0.25 4.62 4.24
vegetable 0.15 4.59 4.23

Item fit loose or oversized 0.32 6.42 6.32
straight or tight 0.26 3.74 3.45

Naive are the classical standard errors for the maximum likelihood es-
timates of the marginal probit model multiplied by (1 + 𝜎̂2

𝐴
+ 𝜎̂2

𝐵
)1/2 �

1.8 to report them in the fixed effects scale of the probit model with
crossed random effects. Sandwich are the two-way cluster-robust sand-
wich standard errors. Pigeonhole are non-parametric bootstrap standard
errors described in Owen (2007). All standard errors are multiplied by
100 as in Figure S29.
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Fig. S29. Stitch Fix Application: two-way cluster-robust
sandwich standard errors (x axis), naïve standard errors
(y axis, triangles) and Pigeonhole nonparametric bootstrap
standard errors (y axis, circles). The reference line is the first
quadrant bisector 𝑦 = 𝑥. All standard errors are multiplied

by 100 as in Table S1.
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Fig. S30. Stitch Fix Application: distribution of the estimated customer (𝑎̂𝑖) and item
(𝑏̂𝑗 ) random effects.
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