
Stats 314 Empirical Likelihood Oct.1

Lecture 3. More Nonparametric MLE and NP likelihood ratios

Instructor: Art B. Owen, Stanford University Scribe: Jingshu Wang

1 More examples on nonparametric MLE (NPMLE)

1.1 Lynden-Bell: Left truncated star brightness

“Left truncation”: the further the distance, the higher brightness required for observed stars.

(Different from (right) censoring!)

Generally, observe Xi truncated to set Ti ⊂ Rd, then censored to set Ci ⊂ Ti.

For Xi get Prob(Xi ∈ Ci|Xi ∈ Ti;F ). Then the likelihood is

L(F ) =

n∏
i=1

F (Ci)

F (Ti)

1.2 Hartley-Rao(1968): Sample survey data

Consider a finite population of N items. Assume there are T ≤ N distinct values and each value t appears
Nt times.

Then, for a simple random sample of n items (i.e. all
(
N
n

)
samples are euqally probable), assume that t

appears nt times in the sample, then the likelihood is

L(N1, N2, . . . , NT ) =

∏T
t=1

(
Nt
nt

)(
N
n

)
If N

n = r ∈ Z, Then N̂t = N
n nt = rnt.

Else, round N
n nt up or down.

1.3 Grenander(1956): Monotone density for actuarial data

Assume x ∈ [0,∞), and density function f(x) nonincreasing.

Then, the paper showed that NPMLE is the least concave majorant of ECDF (empirical cumulative
distribution function), which is piecewise linear.

What about unimodal f(x)?

Could try estimating functions which is increasing to X∗ and decreasing after X∗, and search for the
best X∗. However, the method will fail at the true mode.
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1.4 Walther(2009): Log-concave densities

Assume
f(x) = eφ(x)

where φ : Rd → [−∞,∞] is concave

Remark. 1. log-concavity is closed under marginalization, convolution and product measure.

2. unimodal bivariate may have multimodal margin.

Then NPMLE has the uniform consistency property and converge with an optimal rate Op

((
logn
n

) β
2β+1

)
if f belongs to a Hölder class with exponent β ∈ [1, 2] (which means

|f(x)− f(y)| ≤ C|x− y|, if β = 1,

|f ′(x)− f ′(y)| ≤ C|x− y|β−1, if β > 1)

The multivariate case makes for very interesting estimates that require no bandwidth tuning. But they
become computationally expensive.

2 Nonparametric likelihood ratios

2.1 Thomas and Grunkemeier (1975): Kaplan-Meier’s likelihood

The likelihood is

L(F ) =

k∏
j=1

λ
dj
j (1− λj)rj−dj

where

0 < t1 < t2 < · · · < tk <∞

dj : # fail at tj

rj : # at risk at tj .

And the tail probability is

F ([t,∞)) =
∏
tj<t

(1− λj)

Define

R(F ) =
L(F )

L(F̂ )

and
R(s, t) = max {R(F )|F ([t,∞)) = s ∈ (0, 1)}

T&G give a heuristic proof that

−2 logR(s0; t)
d−→ χ2

(1)

where s0 is the true value of F ([t,∞)).
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Remark. The above asymptotic distribution can be used to get C.I. for F ([t,∞)). Compared with the
±1.96 SE method where SE is estimated from the Greenwood formula

V̂ (F̂ [t,∞)) = F̂ ([t,∞))2
∑ dj

rj(rj − dj)

The C.I. got from nonparametric likelihood won’t exceed the range [0, 1].

2.2 PUZZLER: bootstrap C.I. for E(X) ∈ R

Intuition dilemma:

- If obersvations are skewed to the right, so is X̄. So to center the interval, should skew it to the left;

- As right tail is heavier, there is more uncertainty on the right, so the C.I. should be skewed to the
right.

Assume that for observations, the mean is X̄ and

X1, · · · , Xn i.i.d. F

For bootstrap samples, the mean is X̄∗ and

X∗1 , · · · , X∗n i.i.d. F̂

Then there are three bootstrap methods to get C.I

1. percentile: use the histogram of X̄∗, as if “L(µ)
.
= L(X̄∗)”

2. bias corrected:
L(X̄∗ − X̄)

.
= L(X̄ − µ)

3. bias corrected:

L
(
X̄∗ − X̄
S∗

)
.
= L

(
X̄ − µ
S

)

Method 1 and 3 skews with the distribution of X while method 2 skew against the distribution of X.


